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Tftis report does not necessarily express the views of every partic- 
ipant at the conference and is not intended to he a statement of 
policy of the U.S. Office of Education. It is published by the Office 
of Education in the hope that it will stimulate widespread and 
responsible discussion of the issues that occupied the attention of 
the conference. 
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Early in the planning of the conference on which this 
report is based, it was decided to limit the participants 
to a small group of experienced persons with diverse 
backgrounds. A broad base of representation was de- 
liberately planned, and it resulted in a variety of fresh 
ideas. The procedure was to consider first the socio- 
logical and psychological factors in low achievement, 
and then to study existing practices that appear 
promising. 

A brief report of the conference was published by the 
National Council of Teachers of Mathematics (NCTM) 1 
and was distributed to NCTM members. The prelimi- 
nary report contained a summary of the recommenda- 
tions and requested additional ideas for inclusion in this 
report. The response indicated extremely high interest 
in the topic. 

The U.S. Office of Education deeply appreciates the 
help of the many individuals who contributed to this 
current report. 

Ralph C.M. Flynt 
Associate Commissioner 
Bureau of Educational 
Research and Development 

J. Richard Suchman 

Director 

Curriculum and Demonstration Branch 
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INTRODUCTION 

WHY WE ARE CONCERNED ABOUT LOW 
ACHIEVERS IN MATHEMATICS 



by 

Harry L. Phillips 

i 

Specialist in Mathematics 
U.S. Office of Education 

The National Council of Teachers of Mathematics and the U.S. 
Office of Education are cooperating in this conference on the prem- 
ise that the low achiever in mathematics is indeed worthy of a 
careful and considerate professional attention that has been un- 
duly delayed in the preceding decade. Like it or not, we have 
suddenly awakened in a world which revolves around science, and 
it in turn rests on mathematics. 

Our intent here is to consider the mathematical needs and 
proper instruction in mathematics for that category of youth 
referred to by Dr. Conant as “social dynamite” — those who pos- 
sess no skill, who are unemployable and unschooled. These youths’ 
estrangement from society has also been described by former 
HEW Secretary Ribicoff as “a terrible waste,” and by Justice 
Goldberg as “potentially the most dangerous social condition in 
America today.” 

Our range of interest will include mathematics for those stu- 
dents who are potential dropouts, as well as for those who remain 
in school, but who, for one reason or another, exhibit a pattern of 
low achievement in mathematics. The major portion of research 
and conjecture on this problem suggests a re-evaluation of the 
education and training needs for the skilled and semiskilled citizen 
of the future. In such a re-evaluation, the U.S. Office of Educa- 
tion and the National Council of Teachers of Mathematics are 
firmly convinced that mathematics will be one of the more impor- 
tant disciplines. 

The greatest single cause of unemployment is lack of education. 
As we try to cope with the problems of tomorrow, such as the 
expanding population, the rapid depletion of natural resources, 
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® THE L °W ACHIEVER IN MATHEMATICS 

the need for mathematically literate manpower, and the demands 
placed on the average citizen, we find the understanding of basic 

principles of arithmetic, algebra, and geometry more essential 
than ever before. 

• * j I. . m ^ * we want the participants to keep 

in mind that we are considering the lowest 30 percent based upon 
achievement in school mathematics, and not only the slow learner 
in mathematics. We are also very much interested in, and shall 
consider, those students who are capable bytt who are not achiev- 
es U JL to their ca P acit y in mathematics/ Specifically then, the 
U.S. Office of Education and the National Council of Teachers of 
Mathematics are interested in better instructional programs in 
mathematics for the low achiever for the following reasons: 

1. Lack of both achievement and interest in the instructional 
program have generally been shown to be the principal reasons 
for students’ dislike of school. Ultimately, if not corrected, these 
shortcomings result in school dropouts. We believe that because 
of the very nature of mathematics and because of some of the 
promising new methods of teaching this subject, there are hopeful 
prospects of overcoming both lack of achievement and lack of 
interest for many students in the lowest one-third of the ranks. 

2. Training in mathematics, along with some degree of compe- 
tence, gives a student a much broader choice of types of vocational 
training in the late secondary school or postsecondary technical 
training institutions. Two-thirds of the skilled and semiskilled 
job opportunities on the labor market today are not available to 
those who lack an understanding of the basic principles of arith- 
metic, elementary algebra, and geometry. Basic mathematical 
understandings are also essential to adult retraining programs for 
the unemployed. 

3. The mathematical community and mathematics educators are 
very proud, and rightfully so, of the advancements made over the 
past 15 years in the mathematics curriculums and in teaching at 
all levels of education. At all levels, however, the emphasis and 
attention have been directed toward the above-average mathe- 
matics achiever. This has been true of the study groups which 
have spearheaded curriculum revisions as well as of the com- 
merical publishers. We believe it is now time to show some con- 
sideration for the low achievers. Even those in the “mid-ranks” 
in mathematics achievement have been somewhat overlooked in 
the push for maximum development of the college-able student. 
We also believe that if a program designed to raise the mathe- 
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matical achievement level of the lowest 30 percent were to suc- 
ceed, it would set off a chain reaction that would affect students 
in the middle range of achievement as well. 

4. The student of low general ability, who is also likely to be 
a low achiever in mathematics, may, with the proper program and 
improved methods of teaching, be able to enter the labor market 
less vulnerable to lurking unemployment possibilities. At the 
very least, a better understanding of elementary mathematics will 
make retraining much easier and more acceptable in later life. 

5. Success or measurable achievement in mathematics has a close 
correlation with increased achievement in other disciplines. We 
believe that other disciplines may profit from the patterns evolved 
as mathematics programs for the low achiever become more 
effective. 
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HOPE, DELUSION, AND ORGANIZATION: SOME 
PROBLEMS IN THE MOTIVATION OF LOW ACHIEVERS 



by 

Jules Henry * 

Since discussions of human motivation usually deal only in sum- 
mary fashion with physiological motives, including survival, it is 
not possible to use current motivational theory when the context 
is one in which physiological motives, particularly survival itself, 
are paramount. This, however, is precisely the environment of 
many low achievers. Motivational theory includes the concept of 
goal, and uses such propulsive words as “energizes,” “activates,” 
and “moves.” In the environments from which low achievers 
largely, though by no means exclusively, come, such ideas are 
hard to find. In reading about human motivation one is struck 
by the fact that what the motivation researchers have in mind, 
the hidden parameters of their thinking, are largely those attrac- 
tive to the researchers. For example, in a recent book the follow- 
ing are stated to be “secondary, learned, social, or psychogenic 
motives. ... To strive for social acceptance or status, to work to 
write a symphony or climb a mountain, to try to keep the schools 
segregated or to integrate them, to want to complete college or 
understand human behavior . . . saving for a trip abroad, work- 
ing to get ahead, buying a new car or reading a book . . . heroism, 

*Dr. Henry is professor of anthropology and sociology 
at Washington University, St. Louis, Mo. His studies of 
schools and schoolchildren started in 1953. Recently he 
became involved in the study of low achievers because of 
his connection with the study of a public housing project 
in St. Louis occupied mostly by extremely poor Negroes. 
At the moment he is directing a study of Negro kinder- 
gartens in that area and of the families of the kinder- 
garten children. 
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martyrdom, artistic production or religious asceticism,”* While, 
strictly speaking, these are a mixture of ends and means rather 
than motives, the selection of examples illustrates the problem viz, 
that the parameters of research in motivation are largely middle- 
class and elite ; and from this point of view motivation is a unique 
psychological quirk characteristic of the middle and elite classes 
only. In such a context then, most lower-class children could not 
be said to have any motivation. 

Under a National Institute of Mental Health special grant* a 
research team from Washington University has been studying a — 
housing development in St. Louis inhabited by very poor Negroes. 

One of the points brought out in our discussions of the tenants in 
the project is the tendency to apparently random behavior. Since 
we arrived at the notion of randomness through the impression 
that in their general conduct of life many of the households in the 
project did not conform to middle-class ways, we understand that 
the impression of randomness is relative — relative to middle-class 
behavior. Bearing this in mind, we perceive that with regard to 
space, time, objects, persons, and so on, the behavior of the people 
who live in the project, failing to follow the patterns of organiza- 
tion characteristic of middle-class society, gives the impression of 
being random, i.e., lacking pattern and therefore lacking predicta- 
bility from our (i.e., middle-class) point of view. The question 
arises, of course, whether the behavior is random from their (i.e., 
dwellers in the project) point of view. We have the impression, 
however, after 7 months of field work with about 50 families, that 
they look upon one another’s behavior in somewhat the same way. 

The distinction they make, for example between C.P. time (colored 
people’s time ) and W.P. time (white people’s time) is suggestive; 
for according to C.P. time, one never knows whether an event will 
occur when scheduled, while according to W.P. time, events sched- 
uled for a given hour always occur at that hour. 

The opposite of randomness is organization. The further down 
we go in the vertebrate phylum, the more the organization of 
behavior is determined by genetic mechanisms, although it seems 
that at no point is behavior in the vertebrates determined exclu- % 

sively by them. In Homo sapiens, of course, it is difficult to show ■’ 

that any intraspecific (i.e., social) interaction is determined by 
innate mechanisms only; and the word culture has been chosen to 
designate what is determining in all the behavior of Homo sapiens. 

Bernard Berelson and Gary Steiner, Human Bthavior. Mew York: Harcourt Brace and 1 

World. 1964. pp. 240, 241. 

*Grant No. MH-09189: “Social and Community Problem* In Public Housing Arena." 
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Yet culture has a certain phenomonology (i.e., a system of inter- 
related, relatively standardized component perceptions) that is dif- 
ferent for every culture; and this phenomonology exercises the 
same control over behavior in Homo sapiens that genetic mecha- 
nisms do in the lower vertebrates. We have a fairly accurate 
impression of what these component perceptions are in the middle 
and upper classes in our society. The notions of achievement and 
security are familiar. We know also that these notions organize 
the behavior of the middle class. The point of view in which 
achievement and security are salient is complemented by the oppo- 
sites: failure and insecurity. This logic enables us to say that 
since achievement and security organize (i.e., make nonrandom) 
the behavior of the middle class, their absence will result in 
random-appearing behavior. We may thus say that wherever, in 
our culture, achievement and security cease to be components of 
perception, behavior will appear random. This is the condition 
in many households in the project. 

We have barely begun, however, analysis of the phenomonology 
of the culture of the middle class. We have yet to deal, for ex- 
ample, with the problems of hope, time, and the self. An impor- 
tant modality of achievement is hope and a central modality of 
hope is time. Achievement has a temporal dimension, for it 
means “some time in the future.” Even when we say “Billy no 
longer wets the bed” we mean t l at in the course of time Billy 
stopped wetting the bed, althou'-;;' he used to do it; and nearly 
every parent hopes that his child will stop wetting the bed. We 
can therefore imagine that the parent who has no hope has no 
conception of his child’s stopping wetting the bed. This behavior 
in his child will therefore have dropped out of his conception of 
the organization of his child’s behavior. But in a broader view, 
the person who has no hope of achievement or security will have 
no conception whatever of the organization of behavior (relative 
to middle-class behavior) at all. We can say, perhaps, that the 
households of the project have no hope relative to middle-class 
orientations and that their behavior therefore appears random 
(i.e., unorganized) to a middle-class observer. 

What then is the phenomonology of no hope? Though many of 
the households of the project have no hope, they nevertheless wish 
to stay alive. Under these circumstances the concrete factors that 
keep them alive (i.e., that save them from death) move into promi- 
nence, and other perceptions (i.e., many perceptions oriented to- 
ward middle-class organization) are not present in their aware- 
ness. What becomes salient are the factors that make a direct 
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contribution to survival: perceptions of objects, persons, and con- 
ditions that make a direct contribution to the possibility of death, 
of the violation of the person, and of the violation of material 
factors contributing to survival. In this context, the entire orienta- 
tion toward objects must change, for if objects do not contribute 
directly to survival (to protection against death) they tend to 
be unimportant. For many dwellers in it, the project is a culture 
oriented largely toward survival (toward flight from death.) . In 
this context disregard of many modalities of objects, for example, 
their arrangement in the house, becomes institutionalized, i.e., 
a way of life. 

Let us consider now important conceptions borrowed from 
Heidegger.* When the middle-class person thinks about himself 
(or his self) , he says, “I used to be that way ; here is the way I am 
now, and I hope I will change for the better.” These perceptions 
of the self have a past, a present, and a future; and from this 
middle-class view of self ( Dasein ) Heidegger derives our concep- 
tion of time. Let us consider now the condition of people for 
whom this comparison does not exist, i.e., people who do not view 
the self as being in a state of change. Obviously, if the self is 
perceived as being in a state of change from what vised to be to a 
state of what hopefully will be, a certain organization of activity 
must ensue; for the passage consciously and determinedly from 
what used to be or what is now to a state of what will be requires 
an organization of existence that will bring these changes in the 
self to pass. But if this temporal modality of the self drops out, 
the organization in the activities of the middle-class self will not 
appear. Hence, having no perception of temporal dimensions of 
the self, such a person exhibits apparently unorganized, or ran- 
dom, behavior. What remains is the survival self, the self that is 
in flight from death. This self then becomes preoccupied with 
activities that give it the most intense sensation of being alive; 
it is a self that must, at every moment, literally feel its life. This 
is the condition the middle-class sociologists contemptuously call 
“hedonism.” But it is not hedonism; it is merely flight from 
death. 

It may be helpful now to look at the apparently random behavior 
of the dwellers in the project in the metaphorical context of 
entropy. In thermodynamics, entropy is a measure of random- 
ness and hence of loss of organization. We can say, therefore, 



•Martin Heidemrer, Being and Time . Heidegaer, of course, has no interest In culture and 
even less in social class. The discussion merely borrows some of his fundamental conceptions 
I of Daeein as a temporal being. 
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metaphorically speaking, that entropy is maximized in many 
households in the project. In thermodynamic theory, however, 
entropy increases in closed systems only, that is, in systems that 
cannot receive energy from outside the system. The isolated 
quartz crystal is a common example. Before attempting to view 
the project (metaphorical!^) as a closed system, let us look at its 
opposite, a middle-class dwelling area. There we perceive that 
the members have relatively free access to the major sources of 
cultural (including economic) stimulation and that households are 
therefore able to maintain organization (entropy is at a very low 
level) . In the project, however, the households do not have avail- 
able such sources. And here is the paradox, for what prevents 
the dwellers in the project from having access to the major 
sources of cultural stimulation is their randomness and absence 
of hope, and what created their randomness and lack of hope in 
the first place was inaccessibility of the cultural resources. We 
can therefore say that since the households of the project are 
alienated from middle-class culture, their entropy can only 
increase. 

It goes without saying, of course, that the self of many among 
the middle class is also in flight from death, but since in the middle 
class the orientation toward achievement is the lens through which 
existence is perceived, and since they have been taught the possi- 
bility of hope, they fly from death toward achievement, sustained 
by hope. This way of seeing life and this way of being sustained 
are not available to many of the dwellers in the projects — to many 
dwellers in the slum. 

We thus come to the realization that hope is a hounding phe- 
nomenon; in the sense that hope separates the free from the 
slaves, the middle and upper classes from much of the lower class, 
the hopeful from the hopeless. We thus come to an even more 
unexpected conclusion, to wit, that time, space, and objects exist 
in an environment of hope. 



The Delusional System 

Since the project is isolated from the mainstream of social and 
^ economic life of the city as well as from the white community, the 

I occupational classes of the Census Bureau do not apply to the 

tenants. Since most of the people work at interstitial jobs or 
work as domestics, and since their employment is precarious and 
poorly paid, resources are scarce. Though the project is almost 
j literally a “City of Women,” for a very large number of husbands 
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are transients or have deserted, the women talk about husbands 
as if they existed, and the unemployed men talk as if they had jobs. 
In addition, there is the constant effort to build one’s self up, by 
inflating one's self, by spending one’s money > on very expensive 
clothes and by getting the better of another person. Thus, achieve- 
ment is delusional also. In view of this, one can understand the 
remark of a white school teacher working with poor Negro chil- 
dren, that they are not interested in solid accomplishment but 
rather in showing off. All of this must interfere with learning in 
school or even taking school seriously. Thus we see that just as 
violent rejection by a parent tends to create delusional fantasies 
in his children, the casting out of the Negroes by white society 
results in the development of a social life so saturated with delu- 
sion that delusional achievement becomes the real achievement. 
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In School 

I have spoken so far of some general characteristics of the 
culture from which one type of low achiever comes. The child, 
however, is a low achiever in a particular setting, the school ; and 
the classroom has its own social dynamic into which the child’s 
lack of organization and his tendency to delusional achievement 
fit perfectly. 

It is clear that children from disorganized backgrounds cannot 
create unity in a classroom; and under these circumstances, the 
teacher can work only with those who somehow have enough of 
the necessary motivations. We therefore sometimes see a harassed 
teacher working only with these children, while letting the rest 
of the class carry on in a disorganized and disorganizing way. 
Thus the universe of participation in the classroom work becomes 
very small. I now give some extracts from the observation of one 
such classroom. The teacher is a white woman and the children 
are Negro and white. It is the sixth grade and the time is 11 ajn. 

The teacher was leaning over Paul’s desk helping him with arith- 
metic. Both her hands were on the desk. Paul was in his seat, 
his head on one hand, focusing on his paper. Irv and Mike were 
watching. Across the room Alice was talking to Jane, and Joan 
was talking to Edith. Behind me I could hear a girl seated at 
the work table whispering and talking. Nearby there was push- 
ing and shoving in a group of boys — Alan, Ed and Tom. Tom got 
out of his seat, made a wad of notebook paper and tossed it in 
the air several times. He intended to catch it but dropped it on 
the floor. As he bent to pick it up he dropped his pencil on the 
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floor and kicked it four or five feet across the floor. He picked up 
the pencil and threw the wad at Alan. Alan turned to the ob- 
server, grinned, waved his hand, and said, “Hi.” The teacher 
took no notice. . . . Tom and Ed suddenly slammed their desks 
shut, got up and walked out noisily. As they left, Lila and Alice 
hurried to catch up with them and walk out. Just before they 
left the room, Tom turned and called back to Lila, saying, “Come 
on Lila.” A girl called out, “Good-bye,” and Josephine waved 
good-bye. 

With her back to the door the teacher was talking to Jane. She 
stood by Jane's desk with her hands on Jane's desk, while they 
both looked at the student's work. 

Irv got up from his desk and walked over to stand nea^ Joan’s 
seat. Josephine got up and pushed Irv and he pushed her. The 
teacher turned from Jane's desk, walked over to Josephine and Irv 
and stepped between them. She flushed as she squeezed Irv’s 
shoulder and pushed him away. Half pushing and half leading, 
she got Irv back to his seat and forced him down into it. Jose- 
phine, very cocky, stood beside her desk, hands on hips. The 
teacher looked at Irv for a minute and then walked back toward 
the work table. Irv sat in his seat but a minute, and the next 
thing I knew he was down on the floor. Mike and Paul were 
laughing at him, and Mike seemed to be kicking at him. Irv got 
up, walked behind Mike’s desk, clamped a headlock on Mike and 
tried to pull him out of his seat. . . . 

11:12 a.m. The teacher is helping Mike. She stands beside 
his desk, looks down at his work but does not touch him. Lois 
has walked across the room to talk to John. Her voice is loud, 
but the noise in the room is so great that it is difficult to hear her. 
Lois and John leave the room, passing in front of the observer 
and saying, “Excuse me.” . . . 4 

The teacher let the other children do largely what they pleased, 
while she gave herself to the three who were able to resist the 
general strain toward disorder and do their work. This phenom- 
enon of partial withdrawal may occur under any circumstance 
where a single individual attempts to cope with a disturbed en- 
vironment; and I have seen it in institutions for emotionally 
disturbed adults and children. The partial withdrawal syndrome 
is not, however, a function of the children and teacher only, but 



4 Reproduced t>y courtesy of The Youth Development Project of The Greater Kansas City 
Mental Health Foundation. 
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also of the dynamics of the social situation. For example, in the 
selections just read, the children had a choice of seeking status 
with peers or with the teacher; for in this environment, status with 
the teacher is viewed by some as incompatible with status with 
peers. Hence most of the children abandon their lessons in favor 
of “messing around” with peers. Self -destructive status choice 
can be seen in varieties of disturbed (“split”) environments — 
usually environments in which the choice is between a peer group 
and an authority figure , but especially where hope does not tip the 
balance in favor of the teacher and self-preservation. We see this 
sometimes in the case of Negro children in integrated schools, 
where, in their anxiety to be accepted by the white children, they 
will follow the whites in “messing around,” instead of yielding to 
the authority of the teacher. It is likely then that the seriousness 
of the problem of self -destructive status choice is increased when 
the disturbed situation has special attractions for the children. 
Thus in a coeducational class the valence of the peer group is in- 
creased by sexual attraction; and in a biracial class, valence of 
peers may increase for the Negro children. 



Summary and Conclusions 

In attempting to examine the achievement problem in very, very 
poor Negro children, I suggest that they lack both hope of achieve- 
ment and fear of not achieving and that they come from a culture 
lacking the characteristics of order fundamental to the achieve- 
ment-oriented middle-class culture. Specifically their homes are 
physically and personally disorganized, life does not run on a time 
schedule, and so on. Thus, emotionally and cognitively, they lack 
the structure on which a conventional educational system can build. 
When 30 to 50 such children are placed in a classroom run by 1 
teacher, the result is bound to be disorganization, from which the 
teacher will select those elements of order suited to her task : she 
will teach the children who are teachable and let everybody else go. 
Meanwhile, even the children who want to learn are under tre- 
mendous pressure from their peers to give up. Thus the motiva- 
tion of the low achiever is not a demon locked up inside the child, 
but is at every moment, especially in school, subject to manipula- 
tion by the peer group as well as by the teacher. One might urge, 
therefore, that, in considering improving the motivation of the 
child, one should also improve the school as a social system. 
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PROBLEMS IN MOTIVATION 

Proposals 

A program of total reconstitution is needed 

Filling the cognitive gap. — I have pointed out that because of 
the disorganization of the environment, the basic perceptual 
frames of these children do not seem to have been properly consti- 
tuted: houses and people are in a constant state of disorder and 
things do not run on time. Yet these children are supposed to 
master mathematics, the central idea of which is order. I would 
urge that in preschool these children be formally introduced to 
fundamental shapes and categories : insidedness and outsidedness, 
roundness, straightness, flexibility, rigidity, transparence, opaque- 
ness, motion in a straight line, in a circle, rocking motion, motion 
that rolls but moves in a straight line (like an automobile, for 
example) . Problems in the articulation of gears and movement in 
several planes at once (as, for example, in a manually operated 
eggbeater) . Things that flow (water and sand— as in and out of a 
sand pail), things that “shove along” (like blocks), and so on. 
Through planning basic experimental frames, much can be done 
to build up the necessary perceptual competence in these children 
prior to their entrance into elementary school. 

Emotional calming down. — These children often come to school 
unfed after wretched nights torn by screaming, fighting, bed- 
wetting, etc. ; often they have not slept because of cold and rats. 
For such children to start at once the routine work of the average 
elementary school class is impossible, for not only are they hungry 
and sleepy, they are emotionally upset. It is therefore proposed 
that teachers be trained 5 to deal with the problems of these children 
and that such trained teachers have breakfast with the children in 
school. It is expected that the school will furnish the food. Of 
course, one does not have to wait until the teachers are trained in 
order to bring children and teachers together at breakfast. The 
purpose of the breakfast is twofold: (1) to feed hungry children 
and (2) to bring teacher and pupil together in an informal atmo- 
sphere before the pupils are placed under the strain of classroom 
constriction.* It is essential that the teacher he present , so that 
the students meet her under the calming conditions of friendly 
eating together. 



■As in the Youth Development Project of the Greater Kansas City Mental Health Founds- 
tion. 

•One such program In Kansas City worked an Immediate sharp Improvement In attendance 
and ail other areas of behavior as well as In school work. 
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16 THE LOW ACHIEVER IN MATHEMATICS 

Under these circumstances the personalities (the “egos”) of the 
children, badly battered by their night’s ordeal, will be “reconsti- 
tuted.” The more the teachers know about the emotional manage- 
ment of these children, of course, the better. 

Expansion of the universe of participation . — This may be done 
either by reducing the size of the classes or by increasing the 
number of teachers in the classrooms to two or three. These have 
to be trained personnel, who know the subject matter of the 
lessons. The supernumerary personnel could be teachers-in-train- 
ing, members of the domestic Peace Corps— whoever is in a posi- 
tion to learn the material. 
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STAGES IN THE CHILD'S INTELLECTUAL 
DEVELOPMENT: PIAGET’S VIEWS 

by 

Lydia Muller-Willis* 



At this time, when school curriculums are being revised, thor- 
oughly reevaluated, and even rebuilt, most of us turn to the Swiss 
psychologist Jean Piaget, who has spent his life doing research 
with children and has truly become an international authority in 
the field. The most comprehensive account of Piaget’s work, up 
to 1960, has been done by John H. Flavell. 1 

Piaget has studied his own children and has noticed that, up to 
18 months, that is, before the appearance of language, they have 
to learn the permanence of the object. The very young child thinks 
that if an object is hidden, it does not exist any more. As the 
child gets somewhat older he tries to find it, thus showing that he 
has acquired a sense of the permanence of the object. Piaget has 
called the first period of the child’s development the sensow-tnotor 
stage. Piaget sees perception as an example of continuous devel- 
opment in contrast to intelligence , which follows a definite sequence 
of stages. Each intellectual stage implies a period of formation 
and attainment as well as the starting point of a new evolutionary 
process. The order of succession or sequence is constant, but the 
chronological ages at which children reach these stages may vary. 

Until the age of six or seven, there is a second stage, which is 
called preoperative. At this stage, the child may have the notion 

*Dr. Muller-Willis is a graduate of the University of 
Geneva, where she studied under Jean Piaget. She is 
author of the book “Research on the Understanding of 
Algebraic Numbers by Children,” and is currently a re- 
search associate at the University of Minnesota, working 
on the Minnesota School Mathematics and Science Teach- 
ing Project with Dr. Paul C. Rosenbloom, author of the 
paper that follows this one. 

’John H. Flavell, The Developmental Psychology of Jean Piaget. New York: D. Van 
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of conservation of an object, but he does not yet believe in the 
conservation of a collection of objects. For example, if you give 
two rows of blocks to the child in one-to-one correspondence : 

X X X X X X X 
X X X X X X X 

and then space the blocks of the second row differently : 

X X X X X X X 

the child says there are more blocks in the second row. 

Thought at this stage is largely based on perception, and usually 
one aspect (or one dimension or one relation) is considered at the 
expense of the others. If the same amount of liquid is poured into 
two similar glasses and then the liquid from one of them to a taller 
glass, the child says there is more liquid in the taller glass than in 
the other. Here he considers just the aspect of height. Also at 
this stage the child has difficulty in conceiving of or understanding 
the point of view of others, and this tendency has been called 
/ egocentrism. 

During a third stage, lasting from 6 or 7 years to 11 or 12, the 
child considers two or three dimensions simultaneously. This 
stage is called the concrete stage, or the stage of concrete opera- 
tions. These concrete operations deal directly with objects, and, 
the child learns to make classifications and seriations. 

It is interesting to note that during this stage the concept of 
substance is first acquired, then the concept of weight, and finally 
the concept of volume. To study the development of these con- 
cepts Piaget uses (among other materials) two balls of plasticine 
or clay. He changes the shape of one of them, making it into a 
disc and a sausage, etc., and asks the child if the disc, say, has the 
same amount of clay as the ball or if it weighs the same as the ball. 
For the concept of volume he drops the clay balls into water, takes 
one out, changes its shape — into a sausage, for example. He then 
asks the child if the level of the water in which the sausage will 
be dropped will be the same as the level of the water in which the 
ball is resting. 

Finally, at the age of 11 to 12, the preadolescent becomes capable 
of reasoning not only on objects or actions themselves, but also on 
operations expressed by propositions. This is the stage of formal 
operation, that is, of abstract thought or of reasoning by means 
of pure symbols without perceptive data. This is the area of 
hypothetical-deductive thought which goes beyond the immediate, 
perceptively given reality. In contrast to the child, whose thought 
is still dependent upon manipulation of concrete objects, the ado- 
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lescent is capable of forming hypotheses and of deducing all the 
possible consequences from them. These new abilities open up 
unlimited possibilities for the adolescent to participate construc- 
tively in the development of science, as long as the environment 
offers him opportunities to practice as well as a favorable intel- 
lectual atmosphere. 

The development of intelligence in the child is very important to 
teachers. Indeed, the child will show much interest in discovering 
a law (or the answer to a problem the teacher has laid out for him) 
which corresponds to a structure he has already mastered (such 
as a law of seriation) , while the child of a lower level of develop- 
ment will not show this interest. According to Piaget, the child’s 
motivation will be twofold: first, affective (that is, he will bring 
emotional strength which will facilitate learning) and second, 
cognitive (that is, he is already in possession of the preceding 
learning structures necessary for the new learning, and may even 
be in the process of building the new law) . 

Before we start on curriculum and technique, however, I would 
like to give you Piaget’s explanations for the transformations 
which take place from early childhood to adolescence. He gives 
four factors: 

1. Maturation of the nervous system. — This first factor does not 
explain everything, but it should be remembered that the order of 
succession of the stages is constant, though the chronological ages 
will vary. 

2. Experience tvith objects of the physical world. — Again, this 
factor does not explain everything for several reasons : 

(a) Some notions, such as substance, are acquired at the beginning of 
the stage of concrete operations, and others, such as weight and volume, 
not until later on. 

(b) There are two kinds of experience: (1) the physical experience, 
which is an action or an abstraction from the object; this kind of ex- 
perience leads to such statements as “This watch is heavier than this 
pencil,” and (2) the logical-mathematical experience, which is knowledge 
gathered from actions on the object. A good example is that of the child’s 
counting pebbles, lining them up in one direction, then in the reverse 
direction, and finding that the sum is independent of the order. In this 
case the child himself introduces order. 

3. Educational transmission , such as language. — The child can 
receive valuable information only if he is ready to understand it. 

4. Equilibration, or balance among the first three factors . — 
There is a succession of levels of equilibration such that the attain- 
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ment of level two is possible only when equilibration has been 
obtained on level one. For example, when the ball of clay is 
changed into a sausage, there are probably four successive levels: 
first, the child thinks just about one dimension such as length, 
without taking width into account. If the examiner continues to 
lengthen the sausage, the child at a given time says “It is getting 
too thin,” and he thinks about the width. Then, on a third level, 
he wavers between the factors of length and width, he discovers 
their solidarity and says “When you make it longer it becomes 
thinner . . . consequently, it is the same thing,” and this is his 
equilibration process coming into play. 

Some psychologists have tried bypassing the stages but their 
results show that little can be done in this respect. In the case of 
physical experiments on such phenomena as conservation of 
weight, using a scale as external reinforcement, some learning 
takes place before the expected age. But in the case of logical- 
mathematical experiments on such phenomena as constancy despite 
apparent change, the child resists learning. Piaget thinks that, 
as far as physical experience is concerned, learning is indeed pos- 
sible at an earlier date, but not in the case of logical structures, 
such as transitivity of weight, which is only obtained by auto- 
regulation and not by external reinforcement. However, learning 
of this type of structure is possible if the structure is built on 
simpler or more elementary structures. As we have seen, many 
of the concepts that adults take for granted have to be slowly 
constructed by the child. 

If better teaching is to help the low achiever in mathematics, 
then better teachers are needed. By “better teachers” we mean 
teachers better prepared psychologically. It is essential for the 
teachers to know the operational level of the pupil. If teaching is 
active enough, direct observation will permit judging the child’s 
level. If teaching is not active enough, the teacher must have 
some simple functional tests at his disposal so that he can judge 
his pupils’ level. I should like to point out that Piaget’s definition 
of the word “active” is twofold, pertaining both to the child’s 
manipulation of objects and to cooperation among pupils. Team- 
work helps children to learn from one another. 



One of the difficulties is that teachers know much more about 
children than psychologists do, and they often think that the ex- 
periments psychologists are conducting are artificial or have no 
connection with teaching in a classroom. Teachers should be 
given a chance to repeat some of Piaget’s experiments, or better 
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| yet, to participate in a research team and to do work themselves 

on some specific problems of low achievers in mathematics. 

In the active method the role of the teacher consists essentially 
1 of providing the pupils with the necessary materials and of creat- 

; ing situations which lead the child to generalize. The heart of 

I the active method lies indeed in the spontaneous construction of 

the operations by the child. The child is endowed with the tend- 
! ency to spontaneous activity and the teacher can encourage its 

development. Thus the pupil solves problems by manipulation 
j and through trials, at a pace suited for his intellectual ability. 

The child puts the emphasis where he has most difficulty and the 
crucial points for his understanding are put forward. Hans 
j Aebli, 2 after experimenting in schools with the method I just 

sketched, concludes that the extra time spent on personal research, 
ji trial and error, and self-construction of knowledge is worth the 

j effort at all levels of teaching. He thinks, however, that the use 

| of concrete manipulations at the upper levels of primary school 

! and in high school does not justify the slower rhythm of teaching 

£ except for the less gifted children. 

I The active method also has the advantage of giving the low 

| achieving child a chance to learn to verify , to decide what is right 

I and what is wrong, and this by doing a real verification himself ! 

The role of the teacher consists of giving the child the instruments 
| which will permit him to decide what is right and what is wrong, 

) rather than correcting the child by verbal and prohibitive methods, 

j The child learns better by seeing the data and noticing changes or 

1 constancy, etc. One should make him feel that he is capable of 

I dealing in his own way with the problem at hand. One should not 

J tell him too much, but let him figure it out himself. Every answer 

| the child gives is significant, and it is important for the teacher 

| to discover the process underlying the wrong answers as well as 

I the right ones. 

| This material, or external, verification is the first reason for the 

| child’s reinforcement, or motivation. The second reason is the 

j internal verification, that is, the pleasure of discovering coherence 

j in areas which until then appeared poorly related. For example, 

the child is greatly satisfied when given a program in which he 
t can pass from arithmetic to geometry. The materials used with 

I low achievers should be as interesting as possible. They can often 

p be presented in the form of a game that stimulates the child. 



[j a Hano. Aebli, Didactiquc Psychologique , Application a Ja didactiquc dc la ptnjcholopic dc Jean 

J Piaget . Neuehatcl: Delachaux et Niestltf. 1051. 
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Classrooms are usually made up of children of the same age. 
One could conceive classrooms in which a mixture of ages would 
make for better cooperation. This would be useful mainly for 
older children, especially those suffering from affective disorders 
causing them to think that they do not understand mathematics. 
By explaining to a younger child, an older child of this kind might 
gain confidence in himself. (Among adults the same is true; pro- 
fessors often learn more than listeners !) 

In any classroom there are differences in the level of develop- 
ment of the children. Low achievers often need more concrete 
manipulations than others. Some children are slower in discover- 
ing the principle involved in the materials presented to them. A 
practical technique seems to be the partial individualization of 
teaching. The teacher can allow the pupils who are further ahead 
to deal with individual or collective work corresponding to their 
intellectual level, while he watches and helps the low achievers to 
manipulate actively and concretely and to discover the notions 
they need. 
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1 by 

Paul C. Rosenbloom* 

! 

| 

I have been asked to comment on the work of Dr. Muller-Willis 
on the implications of Piaget’s research for curriculum develop- 
ment. Piaget’s identification of the stages in the development of 
] intelligence provides a useful framework for thinking about teach- 

I ing mathematics to low-ability students. These stages are : 

I. Sensori-motor intelligence (up to age 4) . 

II. Intuitive thought (ages 4-7). 

I III. Concrete operations (ages 7-11). 

IV. Formal operations (ages 11-15) . 

| The indicated age ranges are approximate averages for children 

in our culture; for the development of particular concepts, the j 

average ages at which children attain the various stages, may 
; differ considerably. 

j According to Piaget’s theory, the mechanism whereby a child 

| passes from one stage to the next is a dynamic process of approach 

to equilibrium between two tendencies in the child’s thought: 
assimilation and accommodation. “Assimilation” is the incorpo- 
I ration of objects into the child’s patterns of behavior, the changing 

i of the signals the child receives from his environment to fit the 

ment^hstructures he already has. “Accommodation” is the modi- 
i fication of the child’s patterns of behavior to fit his environment, 

} the changing of his mental structures to fit the signals he receives ( 

) | 

j *Dr Rosenbloom is Director of the Minnesota School ! 

Mathematics and Science Center, University of Minne- j 

sota, and of the Mathematics Section, Minnesota National j 

j Laboratory, Minnesota State Department of Education. | 

| *The Center is executing a project, called MINNEMAST, j 

! under which a coordinated science and mathematics cur- | 

riculum for grades K-9 has been constructed, and is now 
| being tried out in many schools in poor neighborhoods. 
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from his environment. If a child calls a cloud a bear, he is "as- 
similating" his perceptions to the mental structures he already 
has. When he learns to classify clouds as nimbus or cumulus, he 
is "accommodating" his mental operations to his perceptions. We 
may think of the children we are concerned with here as those 
whose development through these stages has lagged significantly 
behind that of most other children of the same age. As examples 
of low achievers, we are talking about 7-year-olds in stage I or 
10-year-olds in stage II or 13-year-olds in stage III. 

Before going into more detail, I should like to make a few 
general points: 



1. To understand the behavioral criteria for identifying the 
stage of a child requires a much better mathematical and 
psychological background than most teachers possess. 



Piaget uses freely such mathematical concepts as group, topo- 
logical space, and coordinate system, with which most teachers 
and psychologists are unfamiliar. He also uses a physcological 
terminology of his own invention. His few expositors have been 
psychologists who do not themselves understand clearly the mathe- 
matical concepts with which Piaget deals. 



2. Bad teaching or writing may make a bigger difference for 
slow learners than for average students. 



An average or bright child may be able to figure out a problem 
for himself in spite of a muddled explanation, but a dull child has 
very little hope of doing so. This is confirmed by data from SMSG 
experimentation by the Minnesota National Laboratory, which in- 
dicate that slow learners benefited more from SMSG than average 
students, as compared with the achievement of similar students 
in conventional curriculums. My hypothesis is that a clearer ex- 
position, with greater attention to precision of language, made a 
bigger difference for the slow students. 



3. In most schools the teachers of slow learners are either the 
loivest in the pecking order in their respective departments or 
specialists on low-ability students ivith little special knowledge 
of mathematics. 



An effective curriculum for slow learners will have to be devel- 
oped by the few highly imaginative people that can be recruited, 
and it should be written in a form which teachers of low mathe- 
matical competence can handle. 
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i IMPLICATIONS OF PSYCHOLOGICAL RESEARCH 

j 

j 4. Mathematics and reading are the key subjects for making 

low-ability children employable . 

| This is indicated by the reports of the U.S. Department of Labor 

on the retraining of workers. 

5. In order to make these children employable, they must de- 
I velop some abilities which cannot be duplicated by machines. 

Even animals, whose brains are not highly developed, such as 
pigeons, can learn tasks which are extremely difficult to program 
for computers. For example, they can learn to track a moving 
object. Many mentally retarded humans can recognize printed 
i letters in a wide variety of forms and spoken words in a variety of 

| voices and pronunciations. These are extremely difficult tasks 

jj for machines. 

j 6 . No one knows much about these children’s capacity to learn, 

but the limits may be far beyond what they now learn. 

\ 

j Research indicates that a child's IQ can be raised significantly 

by exposing him to a stimulating environment. A few outstanding 
j teachers have had remarkable success in teaching slow learners. 

j 7. If these children do not acquire abilities which make them 

| employable, they become lifelong public charges. 

) 

\ Since my only intensive contact with children in stage I is with 

! my own two youngest children, I shall concentrate on the problems 

! of bringing about the transitions from stage II to III and from III 

| to IV. At stage II the child has acquired language. He can use a 

|; mudpie as a symbol for a pie. He judges by global perception. 

For example, if you place before him a set of vases, each containing 
| a flower, and then take out the flowers and bunch them together, 

jj he says that now there are more vases than flowers. He is able 

|j to concentrate on only one aspect of a situation at a time. For 

i example, the child will judge which of two cylinders contains more 

liquid on the basis of height or width, but not both. 

J He thinks egocentrically. He may know his own left hand, but 

| he cannot tell which is the left hand of a child facing him. He 

p thinks in terms of real actions, performed here and now. He has 

| difficulty in anticipating the result of an action without performing 

j it, or in reasoning “if I had done this yesterday, then . . .” or “if 

] I should do this tomorrow, then. . . .” The child has difficulty in 

j predicting the result of reversing an action or of combining two 

i actions. He does not spontaneously imagine doing such opera- 

tions, e.g., putting the flowers back into the vases. In stage III 
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| 



the child still thinks in terms of actions performed on real objects 
here and now. But he is able to anticipate the result of an action, 
to reverse an action mentally, to combine two actions mentally. 
He can think of several aspects of a situation simultaneously. 

Piaget says that the child in this stage has formed mental 
"groupings” of concrete operations. Such a grouping is a system 
of imagined actions on real objects, in which each action can be 
reversed and any pair can be combined. An operation does not 
exist in isolation, but always as part of such a mental structure. 
The changes in thinking that must take place in order to pass from 
stage II to stage III are clear, but how can we facilitate this transi- 
tion for a child who has already lagged behind, either because of 
low native ability or impoverished experience? 

During stage IV, the child is able to perform mental operations 
on concrete operations, and to reason about general or hypothetical 
situations in addition to situations before him here and now. He 
can apply general principles. He can theorize. He can reason 
verbally or symbolically. He now possesses in his mental tool kit 
groupings of formal operations (mental operations) on concrete 
operations, which can be reversed and combined. This indicates 
the changes in thinking which we must bring about in order to 
help the child pass from stage III to stage IV. After methods of 
bringing about these transitions more effectively have been de- 
vised, materials will have to be created which will enable people of 
low mathematical competence to apply the methods successfully. 
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! Some Suggested Approaches 

i 

To interpret the above summary of the results of research, we 
must emphasize that almost all the research to date is "status quo” 
research. Piaget and others have, in general, tried to find out how 
a child performs certain tasks, with as little interference with the 
child’s thinking process as possible. While many people have been 
trying to draw inferences for education, many of these inferences 
are based on misconceptions. For example, some people have 
taken Piaget’s stages and average age ranges as fixed, and infer 
that it is useless to try to teach certain topics before certain ages. 

Most of the research needed in order to make sound applications 
to education has not been done, for the simple reason that, in the 
subculture of psychologists, experimental psychologists are high, 
whereas educational psychologists are low in the pecking order. 
Many of the most talented psychologists working on concept for- 
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mation pride themselves on their purity. They are afraid to do 
experiments which involve teaching something to the child for fear 
of being confused with educational researchers! 



This latter attitude also rests, in my opinion, on a misconcep- 
tion. Suppose I wish to find out what stage a child is in in the 
attainment of a concept, such as invariance of one-to-one cor- 
respondences under rearrangement of the members of the sets. 
If I set the child a task and observe how he performs, I do not 
know whether his response is due to his innate ability at that time 
or to the content of his past experience. I can find out better 
what he has the capacity to do if I try to teach him something as 
ingeniously as I can — so that I know that the child has been ex- 
posed to certain definite experiences, and then I can observe what 
the child learns. I can probe the child’s mental structures and 
processes in a teaching-learning situation much more profoundly 
than if I observe him as he comes to me, with an unknown cultural 
background. 

This type of research also has much more direct bearing on 
education than most existing psychological research. Research on 
the way children respond if you do not tamper with them is useful 
in identifying the psychological hurdles we must overcome. In 
education, however, we are concerned with what changes we can 
effect in the child’s development through planned sequences of 
experiences. 

I don’t believe that psychologists will learn very deeply about 
learning until they team up with the cleverest teaching talent 
they can find. Let us now proceed to some specific problems. A 
few people, such as Smedslund, Wohlwill, and Dr. Muller-Willis 
and I (in collaboration), have investigated whether the child’s 
development through stages II to III, with respect to particular 
concepts, can be accelerated. It appears that this can be done. 
Smedslund’s results on the attainment of the concept of conserva- 
tion of substance under deformation or subdivision indicate, how- 
ever, that when this development is artificially accelerated, the 
mastery of the concept may be unstable. 

For example, he was able to lead children to predict correctly 
whether two clay balls which balanced each other would still 
balance each other if he deformed or subdivided one. But if he 
concealed a bit of clay during the experiment in the palm of his 
hand, those who had not firmly attained the concept accepted their 
new observation as a curious fact, but those who had fully at- 
tained the concept accused him of cheating. It is not clear to 
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what extent Smedslund’s results could be improved with better 
teaching techniques. In our experiments, Dr. Muller-Willis and 
I were able to lead children to attain certain concepts of conserva- 
tion about 1 1/2 to 2 years before Piaget says they normally would. 
We hope to test our hypotheses more rigorously during the next 
year. 

What does psychological research suggest regarding the strategy 
of passing from stage II to stage III? You want the child to 
reverse actions himself, observe the results, and state what he 
observes. If you want him to learn that a set of objects is in- 
variant under rearrangement, you present him with a set of easily 
distinguishable marbles and ask him to identify them. “There is 
a red one, a green one, a yellow one, etc.” You scatter them 
around the room, and ask him to put them back where they were 
before. You make the task easier for him if you present the 
objects to him in a pattern: 

0 0 0 

0 0 0 

Then he looks for the red one and places it where it was before. 
He can see where there is a gap, and knows what to look for. He 
finds that no matter how you scatter the objects, he can always 
put them back. 

You give him other sets of marbles, sets of other objects, pre- 
senting them in more, then less, obvious patterns. You begin 
to ask him to predict whether he can restore the set, and to test 
his prediction. Ultimately he knows in advance that they are 
the same marbles, no matter how you scatter them. He knows 
that he can put them back, without actually doing it. 

When a child says, “There are more flowers than vases,” or 
“There is less juice in this glass than in that one,” I don’t know 
for sure what he means by “more” or “less.” I do not know what 
he associates his words with. If I want him to internalize his 
actions, I must give him the mental tools, the language, which will 
help him think. So I don’t ask him whether there are more vases 
than flowers or flowers than vases. I start with dolls and hats, 
because it is hard to put more than one hat on a doll. “Here is a 
set of dolls and a set of hats. Put one hat on each doll. Are 
there any hats left over? Aha, then there are more hats than 
dolls. Let us scramble the dolls and hats again. Now put a hat 
on each doll again. Now what is left over? Some hats again? 
Amazing, isn’t it ! There are still more hats than dolls.” 
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I attach the words “more,” “less,” and “just as many” to the 
action of matching one-to-one, and to the specific description of 
the result of the action. I act on the objects and ask the child to 
reverse my action, then ask him to describe the results. Then I 
have him act, reverse, and describe. Then he acts, predicts, re- 
verses, and describes. I make sure that he uses the words to 
refer to the results of the actions performed. Similarly, “one 
quart” means the amount of liquid in this particular cylinder, 
when the level is at this particular point. I don’t ask, after pour- 
ing into a vessel of a different shape, “Is there more or less now?” 

I ask, “Pour it back. Does it come higher or lower than before? 
That’s strange, it came to the same height. There is just as much 
now as before. Try the experiment with these jars and bottles.” 

We try deliberately and consistently to associate the language 
with the actions and the observed results. First we have the 
child act, observe, describe; then he must predict, act, observe, 
describe. He is asked to reverse and combine actions, to observe 
and record results, to compare, and so on. Instead of giving the 
child a task in a rather mature situation, as psychologists do in 
testing the child’s attainment, we give him the task at first in a 
very simple situation. We try to make the setting as foolproof 
as possible, so as to maximize the probability of success. We 
increase the difficulty only gradually, and present the mature set- 
ting only after the child has successfully performed the task in 
simpler settings. 

Let me now turn to the problem of the transition from stage III 
to stage IV. In order to think about a proposition and to under- 
stand what it implies, you must be able to state it. Therefore, 
the attainment of stage IV is inseparable from the acquisition of 
the linguistic tools of thought. (By “language” I mean mathe- 
matical as well as spoken natural language.) In our haste to 
impart to the child the socially agreed upon signs (both words and 
mathematical symbols), we overlook the serious difficulties which 
our hodgepodge of historical accidents creates for children. The 
trouble is that our signs and the rules for their manipulation have 
no simple relation to the things they stand for or to the operations 

we perform on them. 

Consider, for example, the way we symbolize the addition of 1 
to a positive integer. We represent a positive integer by a string 
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of symbols (0, 1, 2, 3, 4, 5, 6, 7, 8, 9) . How do we represent the 
operation of adding 1? 

The rules are: 

change a final 0 to a 1 (xO + 1 =* xl) 
change a final 1 to a 2 (xl + 1 = x2) 
change a final 8 to a 9 (x8 + 1 = x9) 
if the string ends in a 9, add 1 to what goes before, then tack on a 0 (x + 1 
= y -» x9 + 1 = yO) 

These symbols and rules have no obvious relation to the opera- 
tion of adding a new member to a set. Since most children are 
able to master these rules, either mechanically or with under- 
standing, fairly early with present teaching, we take this learning 
process for granted. We do not realize how difficult a mental 
task it is to relate these symbols and their rules to the actual 
things. 

In the work with slow learners, we may learn much that will be 
of great value in our curriculum development for the rest of the 
population. When we know that most children can learn to com- 
pute the sum of two positive integers in Hindu-Arabic-decimal 
notation by age 10, we may consider it risky to experiment with 
new notations in the first grade before we are sure that the 
transition will be painless. We may be bolder in our experimen- 
tation with low achievers, since the risk that we will interfere 
with their normal progress is less. 



Remarks on Motivation 

The students we are concerned with here cannot appreciate 
long-range rewards as easily as average students. The chance 
to drop out of school now, to take a job as a delivery boy tomor- 
row, to buy a car on time next week has a more immediately 
perceptible value than to struggle through 2 more years of 
school, to qualify for a more difficult job, to be able to support an 
unknown wife and family some 5 years from now. The rewards 
must be more obvious, immediate, and probable, the punishments 
less threatening and probable, and the values easier to conceive 
and perceive. 

The most immediate reward is success, which is conducive to 
fun. The tasks must be broken down into pieces in which all 
children have a high probability of success. There must be fairly 
frequent fresh starts, varied enough so as not to become repeti- 
tious, so that failure and discouragement do not become cumula- 
tive. Up through the ninth grade the major emphasis can be on 
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rewards of immediate recreational value. Even the mathematics 
involved in keeping score and computing batting averages makes 
the child competent to play with his peers, so that he need not 
seek less socially desirable avenues to self-assertion. 

f Even slow learners can obtain esthetic satisfaction from seeing 

I the way relationships fall into patterns and structures. For ex- 

| ample, in our 30 experimental classes per year in Minnesota since 

j 1959 with the SMSG M-materials in grades 7-10, we found that 

the students were much more highly motivated than similar 
\ groups with conventional remedial or general mathematics courses. 

■ They turned in twice as much homework, participated much more 

in class discussions, and even engaged in extracurricular mathe- 
| matical activities. Yet these SMSG materials make little refer- 

is ence to any practical applications of mathematics, 

j! Still, having fun is only one of the important things a person 

:l can do with mathematics. It is also important for a person to 

learn that he can use mathematics in making a living, in managing 
a home, or understanding what politicians are asking him to 
8 vote on. 

j Many of the children we are talking about need specific motiva- 

j) tion to prepare them to assume adult responsibilities. I would 

! suggest that, beginning in grades 4-7, the children begin to see 

j how mathematics is related to the world of work. They are be- 

| ginning to think about growing up, and want to imitate grownups. 

I During this period they should begin to use mathematics in shop, 

| in home economics, in shopping, in play stores, in student govern- 

f ment, and the like. The mathematics curriculum should begin to 

include more and more problems which arise in these contexts. 

As the children approach the age when they are making voca- 
| tional decisions, the situations in which they use mathematics 

( should become more and more lifelike. In the shop the “carpen- 

| ter’s apprentice,” as he makes real things, should be reading 

| diagrams and blueprints, measuring, estimating and computing. 

The girls should begin to get experience with modem office equip- 
. 5 ment, including desk computers, punchcards, etc. It may be 

appropriate also for the girls to see the work women do in a 
modem electronics plant. 

Materials written especially for these students must scatter its 
shots to lead into many mathematical topics. The exercises 
should also illustrate a variety of applications. 

1 strongly recommend that leaders from modern vocational edu- 
cation, training directors in industry, and education directors of 
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labor unions be drawn into the work of planning the curriculum 
for these students and writing the materials. Arrangements 
should be made for experimentation with the materials in voca- 
tional education, work-study, and worker retraining programs. 
Provision for such curriculum research and development should 
be made in legislation for such programs, to be administered by 
the Department of Labor and the Department of Health, Educa- 
tion, and Welfare. 

I have outlined a strenuous program of research and develop- 
ment which will require heavy investments of time, manpower, 
and money. I have indicated also the possibilities of tremendous 
payoffs. There is hope now, I believe, of great accomplishment 
once a good program is underway. 
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MATHEMATICS FOR LOW ACHIEVERS: 
RESPONSIBILITIES OF SCHOOL ADMINISTRATORS 



by 

George B. Brain* 



In the years ahead, more mathematics, not less, must be taught 
to more students. Students aspiring to be mathematicians, 
physicists, engineers, scientists, astronomers, and the like must, 
of course, learn the most abstract mathematics. Few learned 
persons would question this, or that the average person needs an 
understanding of the fundamental processes of arithmetic. But 
what of those persons who test just below average in intellectual 
ability? Do they not require a mathematics curriculum geared 
to their needs and demonstrated learning ability? In Baltimore 
we think they do. 

Years ago, the mathematics curriculum emphasized preparation 
for college, as it still does in most schools today. Schools must 
continue to offer college-preparatory mathematics courses, in 
greater variety and with better teaching than ever before, but 
they must also offer programs for those of low ability; for a 
knowledge of mathematics is essential for each and every student 
if he is to function effectively in today's world. Except for a few 
modest attempts in demonstration programs, however, low 
achievers have been too often neglected despite their need. 



♦Dr. Brain is currently Dean of the College of Educa- 
tion at Washington State University. He also is serving 
as president of the American Association of School Ad- 
ministrators. While Superintendent of the Baltimore 
City Public Schools^ he spent considerable effort in de- 
veloping special educational programs for low achievers. 
This article reports on a special program in the field of 
mathematics for the low achiever. 
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Philosophical Considerations 

Research into the psychology of learning indicates that students 
of low ability can learn much more mathematics than they are 
learning at present. Interestingly, there is evidence that students 
of low ability can learn mathematical concepts and processes at 
ages 16 to 18 that they were not able to learn when they were 
younger. This evidence holds great importance for curriculum 
and learning experiences. Even though slow learners have a 
short retention span, they can learn the sound, practical, everyday 
mathematics that they need in order to manage their personal 
affairs wisely, and to qualify for jobs and perform them efficiently. 

Need for Orientation of Staff and Community 

Too often, some members of the teaching staff and many good 
citizens in the community look upon mathematics as the “Queen 
of the Sciences.” They regard with disdain the so-called water- 
ing down of mathematics courses for low achievers. To counter- 
act this attitude, an effective orientation program, explaining the 
philosophy and objectives of such a course, is needed for both 
the teaching staff and the ordinary citizen. Otherwise, a mathe- 
matics program for low achievers is doomed to mediocrity at best 
and, more likely, to failure. 



Too seldom have schools capitalized on the talents of citizens 
in the community, particularly in the great cities. Yet the basic 
mathematics program stands a better chance of getting proper 
recognition if some citizens are directly involved in the design of 
the curriculum and if they are acquainted with requirements for 
staff training and for the instructional program. Not only can 
they of en contribute sound ideas, but they can also interpret the 
program to others in the community, thus arousing public under- 
standing and support. Furthermore, citizen involvement has 
an important feedback feature: it helps keep the subject matter 
attuned to the needs of the business community. 

In addition to giving teachers a proper understanding of the 
importance of the basic mathematics program, the superintendent 
and his staff should, by both word and deed, stress the importance 
| of the work accomplished by teachers of low-achieving students. 

The community, too, can play an Important role in recognizing 
the special service of this group of teachers. 
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RESPONSIBILITIES OF SCHOOL ADMINISTRATORS 35 

Objective* of the Basic Mathematics Program 

The program developed should be broad in scope, flexible in 
nature, and adaptable in application to each student’s needs. 
Here are the objectives set forth for courses for low achievers in 
Baltimore: 

(1) To increase the student's skill in fundamental operations of arith- 
metic; 

(2) To develop his ability to meet mathematical situations effectively in 
the home, school, business, and commuity; 

(3) To enable him to use simple formulas, equations, ratios, and pro- 
portions; 

(4) To teach him essential aspects of informal geometry as related to 
practical real-life situations; 

(5) To increase his understanding of direct measurement; 

(6) To teach him elementary techniques of problem-solving; 

(7) To help him develop a vocabulary rich enough to understand and 
express mathematical ideas in daily life; 

(8) To develop his ability to think through a quantitative situation, 
make sound judgments about it, and appraise the reasonableness of 
his judgments; 

(9) To help him become a more intelligent, more critical consumer; 

(10) To develop his appreciation of the role that mathematics plays in 
making advances in the modern world; 

(11) To prepare him adequately for further courses in mathematics. 

In accordance with these objectives, criteria for student admis- 
sion, selection of staff, training of staff, teaching materials, pro- 
gram evaluation, pupil promotion, remedial work, and class 
size must be determined under the leadership of the school 
administrator. 



Pupil selection 

Pupil selection criteria should be clearly and concisely stated. 
Under no circumstances should this program be considered a 
dumping ground for students with behavioral problems. Rather, 
the students selected should be those who, despite being low 
achievers, have a desire to learn, and, even more important, those 
whose parents want them to learn also. 

The low achievers can best be characterized as students having 
an intellectual potential at the low-average level, who are generally 
about one or more years below grade in arithmetic and one or 
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more years retarded in reading. These characteristics should 
serve as guidelines for admitting pupils to a basic mathematics 
program, but not as inflexible criteria, to be rigidly applied. 



Teacher selection and training 

Teachers for these programs should show the same personal 
characteristics that superior teachers for any other school pro- 
gram do: a fondness for young people, emotional maturity, physi- 
cal stamina, a broad fund of knowledge and curiosity for more, 
and a sense of humor. In working with low achievers, the teach- 
ers should show an interest in the pupils as individuals; apply 
rights and rules equally to all; communicate with them on their 
level of understanding; individualize the instruction as much as 
humanly possible; stimulate the pupils to think, evaluate informa- 
tion, and substantiate conclusions; and try new and different 
teaching techniques and routines. In working with their col- 
leagues, these teachers should cooperate in teamwork with other 
teachers and administrators, add continually to their knowledge 
of subject matter and teacher techniques, exhibit responsibility 
and loyalty to teaching as a profession, and welcome professional 
evaluation of their teaching performance. 

If prospective teachers are to be imbued with these character- 
istics, they must undergo intensive professional training. Local 
colleges and school systems should make provisions for appro- 
priate course work for teachers of basic mathematics programs. 
School administrators should not overlook inservice training ac- 
tivities— workshops, interschool visits, and demonstration teach- 
ing. Supervisors can also play an important role in training 
teachers for basic mathematics programs. 



Continuous program evaluation 

Today’s job structure is unlike yesterday’s, and tomorrow’s 
will be unlike today’s. Technology will have rendered obsolete 
many present work procedures and much of the knowledge needed 
for effective functioning in today’s society. For this reason, ad- 
ministrators must make provision for continuous evaluation of 
content and teaching methods, so that the students will have been 
taught the skills they need to enter the world of work at any given 
period. 
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Summary 

The role of the administrator in providing a basic mathematics 
program for low achievers should be as follows: 

He must emphasize to staff and community alike the need for the 
program. 

He must initiate and provide for an effective staff and community orien- 
tation program. 

He must give to teachers of the slow learners proper recognition, stress- 
ing the importance of their work. 

He should involve community leaders as much as practicable and make 
effective use of the special talents and resources of various citizens. 

Within budgetary limitations, he should arrange a workable class size 
that permits teachers to devote the necessary attention to individual 
differences and remedial instruction. 

He must enable the teachers to develop and use new materials for low 
achievers. Improvisation and innovation must be encouraged. 

He must make practical, realistic inservice programs available for teach- 
ers working with low-achieving students. 

Students of low ability can learn mathematics ; they can perform 
useful work; they can make an effective contribution to society. 
It is up to the school administrator to see that his school system 
has an effective basic mathematics curriculum to enable these 
pupils to realize their potential. 
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HOW CAN BUSINESS AND INDUSTRY COOPERATE 
WITH SCHOOLS ON THE PROBLEMS OF LOW 
ACHIEVERS IN MATHEMATICS? 

by 

George A. Rietz* 

1 am delighted that the word “cooperate” appears in the title of 
this address. It matches the philosophy of most representatives 
of industry who work in the educational field, which is to work 
with and through educational institutions. It also suggests that 
schools should look upon other institutions in the community as 
allies vitally concerned in the upbringing of our children. The 
American Association of School Administrators has stated it 
in this way.. The school that uses its community as a teaching 
and learning laboratory, is using live ammunition.” I assume 
my role is to spark a discussion including what kinds of help can 
be expected from business and industry, why such help can pro- 
duce results, and how a school can get such help, or “cooperation.” 
Perhaps we should first take an oversimplified look at any 
employer, in any community. He is interested in hiring people 
y 1 a bility , good character, and motivation to help him succeed 
in is business venture. He wants to match each employee’s in- 
terests and abilities to a job on which the employee can make the 
greatest contribution while deriving the greatest personal satis- 

*Mr. Rietz is a Consultant in Educational Relations at 
the General Electric Company. He has worked with 
educational institutions at all levels and with many edu- 
cational associations for some 30 years. He did pioneer 
\vork in establishing the General Electric Summer Fel- 
lowship Programs. Since 1945, some 2,500 teachers of 
mathematics and science have been graduated from these 
summer programs, sponsored at seven American uni- 
versities. He also helps representatives in 150 Gen- 
eral Electric plant locations in cooperative activities with 
schools of their communities. 
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factions. The employer must compete with similar merchants, 
banks, or manufacturing operations in the community, the region, 
or perhaps internationally. Thus, he wants people who will get 
things done so that he can serve the customers’ desires at com- 
petitive costs. He interviews a number of applicants, selecting 
the ones who seem to offer the greatest possibility of top perform- 
ance. He also provides them with some training on the job so 
they can become productive most quickly. 

Particularly in large organizations, the job on which an em- 
ployee starts may bear little resemblance to positions he will hold 
5, 10, and 25 years later. The alert employer is constantly look- 
ing for evidence of ability and desire to handle greater responsi- 
bility, and encourages the employee to continue his education and 
training throughout life. Knowing that few work to anywhere 
near the level of their ability and that motivation can make up 
for a considerable lack of brilliance, industry generally is less in- 
clined than schools to “write off” or permanently classify an in- 
dividual on the basis of “tests.” At the same time, employers 
know of the strong correlation between success on the job and 
academic grades. You may be amused at the answer one of our 
executives presumably is said to have given to the question, “How 
hard do you expect an employee to work?” His reply was, “Not 
so hard that he will be as tired on Friday night when he leaves 
the job as when he returns to it on Monday morning.” 

Dr. Hansen, Superintendent of Schools in the District of Colum- 
bia, has said, “Educational effort is primarily an expression of 
hope on the part of the student.” Isn’t our first question this: 
j, What help can local representatives of business and industry give 

teachers in developing a greater degree of hope in the students? 

| That help can have three important objectives: 

To show how proficiency in mathematics (and other sub- 
\ jects) will help each student to achieve success in his 

l future business and personal life, 

| To give a more realistic picture of employment, so that 

students are motivated to prepare adequately for excit- 
ing and rewarding careers rather than for “a life sen- 
tence of drudgery,” and 

To understand that students lacking a good educational 
foundation will experience difficulty — first, in getting a 
desirable job, and, thereafter, with necessary continuing 
education and training programs on the job. 
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40 THE LOW ACHIEVER IN MATHEMATICS 

Now let's take a look at such things as employment, success on 
the job, and the changing pattern of jobs, with inferences about 
the importance of mathematics. 

Twenty years ago, about 25 percent of the average large plant’s 
employees were employed in unskilled jobs, whereas only about 
15 percent are today. Another interesting statement is that ap- 
proximately one-half of the employees with my company now 
work on products that did not exist before World War II. The 
statement by Lawrence Rogin, Director of Education, AFL-CIO, 
should be read to your students: "The best assurance of future 
job security is a good general education. Tomorrow’s worker 
will need to read with understanding, write clearly and figure ac- 
curately, at the very least. Such basic knowledge and skills will 
give him the flexibility he needs to learn new techniques and adapt 
himself to new jobs. The skilled worker will need more mathe- 
matics and science than he has now.” 

Any employer will give his own summary of reasons why some 
people are not hired. He may state that he places about 75 per- 
cent of his appraisal on character traits, but usually he will have 
first assured himself that the applicant has special skills required 
for the job. 

Employers should talk with students and teachers about the 
realities of the world of work. For example, the following is ex- 
tracted from a talk given by one of our plant personnel to a com- 
munity meeting on high school dropouts on "Why Employers 
Judge Against the Dropout as an Industrial Risk”: 

"He is probably unable to perform basic arithmetic or deal ef- 
fectively with physical measurements. ... He probably lacks self- 
discipline, pride, ambition, or drive. . . . There is cause for concern 
about placing marginal people in charge of expensive, complicated 
machinery. ... He probably has a very low, or else twisted sense 
of economic responsibility. . . . He hasn’t been able to grasp the 
fact that he will be rewarded in proportion to his contribution . . . 
The worker must be flexible in his attitude and willingness to do 
different kinds of work, frequently on short notice (to meet 
changing customer demands). The dropout has proven himself 
unable to adapt to the requirements of the school and therefore 

is a bad industrial risk If it were a well-known fact that high 

school graduation is practically a requirement of employment, 
then there might be fewer optimistic youngsters leaving school 
in full confidence of finding a job. There is no point in being a 
Pollyanna about this. The possibility of getting a job and thereby 
becoming an 'adult’ is a great driving force which pries many 
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young people out of the classroom. If he knew he would not be 
hired before graduating, a great part of the temptation might be 
removed. And if this is a fact of life, he may as well face it.” 

At least two findings reported in studies of this subject bear 
on this discussion of dropouts. First, a smaller percentage of 
dropouts hold after-school and Saturday jobs than did those who 
graduated. I don’t know whether students learned of the need 
for more education from their jobs, or whether some jobs made 
school appear more attractive. Second, about three out of every 
four dropouts are poor readers. Poor reading ability relates to 
low achievement in mathematics, in most other subjects, and even 
to failure in college. Mathematics teachers have been “campaign- 
ing” against teachers in the elementary grades who “pass on” 
their fear of mathematics to their students. Is there a need to 
campaign for topnotch reading instruction in your elementary 
schools? 

Going back to the world of work, our student should know that 
good intentions are not adequate preparation if he hopes to help 
solve his own, or society’s problems. It is important, however, 
that we avoid pressuring students vis-a-vis the supposed relative 
status of jobs. There is a tremendous need to instill a feeling of 
pride in accomplishment and in the dignity of constructive work. 
John Gardner’s statement will serve as an appropriate text on this 
point: “An excellent plumber is infinitely more admirable than an 
incompetent philosopher. The society which scorns excellent 
plumbing because plumbing is a humble activity, and tolerates 
shoddiness in philosophy because it is an exalted activity, will have 
neither good plumbing nor good philosophy. Neither its pipes 
nor its theories will hold water.” 

We have seen how lack of a good educational foundation handi- 
caps the student in landing a good job. The table below shows 
the relative performance of employees on upgrading training pro- 
grams for highly skilled mechanical jobs in one factory. 



Grades attained in on-the-job training courses 



Grade 



High school graduates Dropouts 



Percent Percent 

36 17 

46 
18 
0 
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Is it difficult to understand why employers repeatedly state, “If 
the school does the educating, we can do the training and re-train- 
ing” ? Continued education and training are an ever-increasing 
fact of life, and can be an enjoyable key to continued success. At 
Crotonville, N.Y., where my office is located, thousands of em- 
ployees, including vice presidents, and department, section, and 
functional managers, leave their job for a few weeks or even a 
few months of study to keep up-to-date and to broaden their 
education. A wide range of courses are offered at practically 
every plant and office of the Company, as well as university 
courses offered on-campus or in-plant. One of our officers esti- 
mated that, at any moment, one of each eight employees is taking 
some educational or training course, at a total annual cost to the 
Company of about $50 million. 

How can the kinds of information we have been discussing best 
be communicated to students? I have purposely indicated that it 
can best be done at the community level. Before treating com- 
munity-level programs, I would like to refer briefly to the help 
available from the headquarters of large companies or industrial 
associations. The large number of students involved prompts a 
search for what is often called, “the multiplier factor.” Most 
activities are either intended to help the teacher upgrade his 
ability to teach, or to place at his disposal teaching aids for use in 
the classroom. Perhaps you know that 2,500 mathematics and 
science teachers participated in our 6-week Summer Graduate 
Fellowship program at seven universities between 1945 and 1959. 
Their performance in the classrooms confirmed the soundness of 
that program. Institutes with NSF support have become so gen- 
erally available that our secondary school Summer Fellowship 
offerings have been in the guidance and economics fields, since 
1959 and 1960, respectively. Teaching aids are usually bulletins, 
posters, or films. In 1953, we made available to mathematics 
teachers two bulletins: “Why Study Math?” and “Math at Gen- 
eral Electric.” Teachers requested nearly 3,000,000 copies in 
classroom quantities. Since 1954, “Why Study Math?” has been 
available in the bulletin “Three Why’s” and more than 6,000,000 
copies of that bulletin have been requested by teachers. About 
40,000 teachers receive our bulletin board posters during the 
school year. We hope to offer again a “House of Magic” type of 
demonstration for schools. Perhaps you see our educational ads 
in student and teacher magazines. Also, we consult with, advise, 
and help more than 150 local Company branches in their work 
with local schools. 
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In any community, business representatives know of all services 
available from their headquarters, plus many other things they 
alone can provide. Until we made a survey, we were not aware 
of many of the cooperative activities with local schools carried on 
by many of our plants, and summarized in the publication “ Youth 
and Education Programs.” Activities designed to communicate 
information to students usually include talks at schools or plants; 
visits to business; cooperative work-study programs; inservice 
programs for teachers or students; making consultants available 
to individual students or teachers; mathematics clubs; contests; 
newspaper; radio and television; and, of course, films, bulletins, 
posters, and demonstrations as previously mentioned. We must 
look upon each type of activity primarily as another way to com- 
municate the desired information. 

How can the school get cooperation from local business people ? 
There are two important reasons why the teacher (with consent 
of the school administration) must take the initiative in starting 
any cooperative venture. First, organizations and individuals in 
the community will be cooperating with the teacher in accomplish- 
ing objectives which are best known to the teacher. He must 
identify, select, and develop plans to utilize the many facilities 
within the framework of the school system. Second, in most 
communities, the suspicion that anyone who offers assistance to 
local schools has an ax to grind is so deeply imbedded that ap- 
proaches by outsiders have often been met coolly or with rejection. 
For example, one of my associates cites a manager, new to the 
community, who went to the school indicating an interest in their 
programs, and offering assistance either as an individual or 
through his Company connection. A few days after having ac- 
corded him a cool reception, the head of the school system called, 
essentially asking, “I have been doing a lot of thinking about our 
conversation, and I just can’t figure it out. Please level with me. 
Just what is it you want?” Let me hasten to add that the educa- 
tor will rarely receive anything but a warm reception and a willing- 
ness to participate in any reasonable request. The program of 
cooperation and assistance must and can then be carried forward 
with full mutual understanding and respect. 

The usual formal contact with a large organization might best 
be with the manager of community relations, or personnel or 
employee relations depending on its organization. In some in- 
stances, the education committee of the local Chamber of Com- 
merce or other business association is the preferred contact. 
Programs should eventually involve qualified individuals as pro- 



212-794 0-66-7 



k laatemaai 






mam 



mUturn 



mm mat 






mom 



44 



THE LOW ACHIEVER IN MATHEMATICS 



fessional or working people in the community and others as 
representatives of many different companies. Remember that 
direct communication regarding the local employment situation is 
most applicable, and can bring new meaning and excitement to 
what may have been dull and theoretical to some students. Infor- 



mation on such things as observed shortages ip student prepara- 
tion, preparation required for various types of work, use of mathe- 
matics in business, opportunities for women, cooperative work- 
study programs, and hiring practices and standards are available 
in all but the smallest communities. Teachers from small towns 
usually can get much of the same help through cooperative pro- 
grams which are conducted so as to utilize the facilities of business 
and industry located in the region. 



Perhaps a few final words of encouragement and advice might 
be added. Most adults in the community will be pleased to have 
an opportunity to help students — perhaps it is based on their 
parental instincts. To do a good job requires hard work on their 
part. The teacher must plan carefully and thoroughly, state the 
objectives clearly, and insist on high standards of performance 
for every participant— students will respect him for it. If he 
selects the proper local business representatives and insists that 
they do their “homework” to attain the objectives of the coopera- 
tive venture, the students will gain other insights and stimulation 
from contacts with such representatives. Each of these repre- 
sentatives will undoubtedly reflect, though he does not put it in 
words, the fact that he finds his work challenging, important, and 
rewarding. The students shouldn’t be exposed only to top people. 
At all levels, they should observe directly the respect and dignity 
of productive jobs as reflected by successful workers. 



The “hope” of which Dr. Hansen spoke must be focused far 
beyond the end of this marking period, even beyond the end of high 
school. Mr. Kettering, Vice President of General Motors, often 
said, “We should think more about our future, that is where we 
will spend the rest of our lives.” There are other stimulating 
ideas and facts about the future which will contribute to student 
hope and motivation. I wonder how many youngsters look for- 
ward to entering the work force with fear brought on by misinfor- 
mation received fron newspaper headlines, speeches, and books. 
Does the typical student look forward to a job with optimism and 
enthusiasm, knowing of the challenging career opportunities, or 
does he look forward with frustration and dread to entering the 
world of work? Shouldn’t he be made aware of the freedom of 
choice he enjoys under our system, and that many graduates even 
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“invent” entirely new jobs because they find that consumers will 
buy products or services they feel are worth the cost? Does he 
know that employers are always looking for people with ability 
who will get things done that may assure success in their business 
ventures? 

Much of the student frustration and pessimism about the future 
could be alleviated considerably if students were also given a better 
understanding of such things as automation and unemployment. 
Hopefully, the findings of university research on automation — 
further mechanization — -will some day get as much attention as 
the scare headlines and stories. For example, how generally known 
are the research findings by the University of Chicago and Cornell 
University? Briefly stated, they are, respectively, that automa- 
tion creates employment and lessens the total number of unem- 
ployed, and that manufacturing turnover requires 10 times as 
many new employees each year as are displaced by all labor-saving 
devices. 

My assigned topic — possible education-industry cooperation on 
the problem of low achievers— suggests the curative, remedial, or 
corrective approach. I feel sure that you all agree that well- 
planned and executed cooperative programs can help produce de- 
sired improvements. However, I cannot close my remarks without 
pointing to the probability of keeping many students from ever 
becoming low achievers. Hopefully, schools will recognize that 
the “live ammunition” available in the community should be “har- 
nessed” to the benefit of all students. Several types of community 
activities — some once a year, others continuing through the school 
year — can help solve the problem being discussed at this conference 
not only in corrective but also in preventive directions. Many 
school systems can point to such accomplishments. Most adults 
in any community will be delighted to cooperate. Will teachers 
take the initiative? 
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BALTIMORE’S BASIC PROGRAM IN SECONDARY 

MATHEMATICS 

by 

William J. Gerardi* 

insUtuted^toL 1 ^ tKe ® econdar y Mathematics Department 
msntuted a basic mathematics program specifically designed for 

students in the lowest 30 percent. The program^ begTta the 

seventh grade in 1958 and has continued eLh^ucceedfng year in 

« £7 mTL 1963 ’ the OTWnal 

enrolled in a 12th-grade basic mathematics course. 

Student Selection 

Students were recommended for the program by the element*™ 
school principals, and final selection and as^ment ^ tThomo 
geneously grouped classes of 25 to 30 were madfby the receives 

wer'e as^ollows; nC1Pal USed in s ‘“dents 

An IQ between 80 and 90; 

A fourth-grade level of achievement in reading; 

A fourth-grade level of achievement in aritlimetic; 

A record of poor achievement in mathematics- 

teyond^indergarten^ 3 ^ ^ ** 6l “ y «*»*• 
A minimum of one year spent in the sixth grade; 

August n 31° giCal ^ ° f at ^ 13 years ’ 8 Months, on 

in f^ r p G i? ardi ia aUpervisor of secondary mathematics 
in the Baltimore City Public Schools. Since 1958 he has 

been actively engaged in the development of a sequential 
mathematics program for low achievers in Grades 7-12. 

e is currently developing a pilot program which will 
make use of audiotronics devices and a multisensory 
approach to the teaching of underachievers. 
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Teacher Selection 

Teachers, insofar as possible, were selected on the basis of the 
following demonstrated characteristics believed to be effective 
with slow learners: 

A good knowledge of secondary mathematics and its 
applications; 

A good knowledge of the characteristics of the slow 
learner; 

An enthusiastic, encouraging approach with a missionary 
spirit and a deep devotion to teaching; 

A good sense of humor, infinite patience, and a talent 
for ingenious presentation of material in a concrete, 
meaningful, interesting manner; 

A realistic and flexible standard of grading; and 

An attitude of empathy for the slow learner. 

The teachers met as a group and were given some orientation. 
They were made to feel that they were selected to do an impor- 
tant job, one which required them to give their very best. They 
were told that they would play a key role in evolving and evaluat- 
ing a realistic and meaningful program for an important segment 
of our society. The students had to be given the very best math- 
ematics education possible if they were to become responsible, 
productive citizens in a rapidly changing, technologically oriented 
society. 

Junior High School Basic Mathematics Program 

We believe that the basic mathematics program for the 7th and 
8th grades should include essentially the same topics as the reg- 
ular program. Transfer to the regular program should be possible 
at this point for those who demonstrate through achievement that 
they have the ability. The 9th-grade program should parallel 
rather closely the regular general mathematics program in order 
to provide a spiral continuation of the 7th- and 8th-grade content. 
Remedial practice for specific difficulties and applications which 
tend to reinforce mastery of basic principles are stressed. 

Throughout the entire program differentiation is made in levels 
of learning, depth, and scope. As compared to the regular pro- 
gram, the amount of concrete background is enlarged and the rate 
of presenting new material is curtailed. Subject matter within a 
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topic is selected so that pupils can achieve on their level. Each 
pupil is expected to work up to his capacity and his work is ex- 
pected to be neat and accurate. The Los Angeles Diagnostic Tests 
are given to 7th-grade pupils. Remedial instruction in arithmetic, 
based on analysis of the test results, is then planned for individual 
pupils. Brief, daily written and oral drills are designed to provide 
necessary remedial work, reinforcement of basic skills, and 
maintenance of important concepts. 



Content— Grades 7, 8, 9 



Although elementary arithmetic has not been mastered by 
pupils who enter the 7th-grade basic course, the students look 
forward to some new mathematics and not the same old arith- 
metic. The first unit in each of the junior high school years is 
therefore designed to present some new mathematics. 



Grade 7 

(S period* per week) 
Geometric Forms 
Linear Measurement 
Number System 
Graphs 

Measurement of 
Angles 

Triangles 

Areas of Plane 
Figures 

Applications of 
Percent 



Grade 8 

(5 period* per week) 

Working With the 
Decimal System 

Percentage 

Measurement 

Applications of 
Percent 

Circles 

Measurement of 
Solids 

Evaluation of 
Formulas 

Equations and 
Problems 

Directed Numbers 



Grade 9 

(5 period* per week) 

Equations and 
Formulas 

Directed Numbers 

Graphic Representa- 
tion 

Constructions 

The Right Triangle 

Ratio and Proportion 

Indirect Measurement 

Applications of 
Percent 



Senior High School Basic Mathematics Program 

We believe that the 3-year basic mathematics sequence in high 
school should be an integrated study of arithmetic, algebra, and 
geometry. The unit on budgeting, for example, should involve the 
fundamental operations of arithmetic, an algebraic solution to 
percentage problems, and some informal geometry involving cir- 
cles, central angles, and sectors. Algebra a id geometry should be 
introduced only when the need arises or when their use would 
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simplify or clarify a skill, concept, or application to be taught. 
We feel that the mathematics that is taught should be related to 
the probable needs in the lives of these pupils. 

The presentation of the subject matter should stress key ideas 
and basic skills; it should also be varied, interesting, and func- 
tional. It should be clearly related to the present environment 
and should rarely surpass the range of the pupils’ comprehension 
and experience. It should prepare the pupils to handle effectively 
the mathematical problems and experiences they will probably 
meet in later life. Lastly, it should be correlated as closely as 
possible with other subjects. 



Content of Grades 10, 11, 12 

Grade 11 



Grade 12 



Grade 10 

(5 periods per week) 
Earning Money 
Budgeting 
Buying Wisely 
Installment Buying 

Home and Job 
Mathematics 

Borrowing Money 

Taxation 

Insurance 

Banking and 
Investments 



(b periods per week) 

The Number System 

Number and 
Operation 

Numbers in 
Measurement 

Rational Numbers 

Numbers in Percent 

Angles and Polygons 

Equations 

Perimeters and 
Areas 

Surfaces and Volumes 

Ratio and Proportion 

Indirect Measurement 

Financial Transac- 
tions 



(3 periods per week) 

Slide Rule and Com- 
puter Mathematics 

Personal Finance 

Buying and Owning 
an 'Automobile 

Renting and/or Buy- 
ing a Home 

Income Tax 

Industrial and Busi- 
ness Applications 

Social Security and 
Insurance 

Statistics and 
Probability 



Teacher Training 

The key to a successful mathematics program for the slow 
learner is a teacher who understands that slow learners are teach- 
able, and cares enough to do his very best in teaching them. It is, 
therefore, important to provide teachers of basic mathematics 
classes with an orientation to the program, inservice courses, and 
many opportunities for intervisitation. . Since very few colleges 
offer educational methods courses specifically designed for teach? 
ers who will work with slow learners in mathematics, we have 
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attempted to provide some inservice instruction in this area. All 
new teachers are required to attend monthly meetings during their 
first 2 years of service. Many of these meetings deal with the 
following topics : 

Characteristics of the Slow Learner 

Motivating the Slow Learner 

Planning for the Slow Learner 

Evaluating the Achievement of the Slow Learner 

Managing a Class of Slow Learners 

Teacher Attitude and the Slow Learner 



In addition, inservice workshops have been offered on Arithmetic 
in the Secondary Schools, Laboratory Mathematics, and Growth of 
Mathematical Ideas. 



Evaluation of the Basic Program 



Our program is now in its sixth year. We have many basic 
mathematics classes in each of the grades 7—12. As shown by the 
Stanford Achievement Test, the Snader General Mathematics Test, 
and individually designed departmental tests, the students enrolled 
in these classes have not only maintained, but have improved, 
their mathematical competencies. In addition, since these stu- 
dents have been grouped homogeneously and given a program 
designed for them, mathematics has had a greater holding power 
for them. 












THE MATHEMATICS PROGRAM FOR THE LOW 

ACHIEVER 

IN THE FORT WORTH PUBLIC SCHOOLS 
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by 

Jim Bezdek* 

In the Fort Worth public schools, the program for the low 
achiever is an integral pari of the total mathematics program. 
Mathematics is a required subject for all pupils through grade 8. 
Beginning with grade 9, the pupil must successfully complete 2 
years of mathematics to satisfy high school graduation require- 
ments. Three plans of instruction are available: 



Type of plan 


Grade 

7 


Grade 

8 


Grade 

9 


Grade 

10 


Grade 

11 


Grade 

12 


1. Minimum 
Plan 


Arith 7 


Arith 8 


Related 
Math 1&2 


Related 
Math 3&4 




Consumer 
Math 1&2 


2. College 
Prep. Plan 


Arith 7 


Arith 8 


Alg 1&2 


Geom 1&2 


Alg 

3&4 


Trig & 

Elem 

Analysis 


3. Accelerated 
Plan 


Arith 7 


Arith 8; 
Alg 1 


Alg 2&3 


Geom 1&2 


Alg 
4 & 
Trig 


Elem 

Analysis 

1&2* 



•Or 1 year of Analytic Geometry and Calculus by invitation and special approval. 



The greatest number of pupils are enrolled in the standard Col- 
lege Preparatory Plan, which is in full operation in all schools. 
The Accelerated Plan is scheduled for full operation in all schools 
by 1988. The Minimum Plan is to be offered on a pilot basis to 

*Mr. Bezdek serves in the dual capacity of Assistant 
Director of Curriculum and Research and Consultant in 
Mathematics and Business Education in the Fort 
Worth, Tex., public schools. He has provided leadership 
in recent local curriculum revisions in mathematics edu- 
cation and continues to be active in efforts to provide an 
adequate program for the low achiever. 
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approximately 300 pupils at the 9th-grade level in September 1964, 
and then extended to the 10th grade in September 1965. If the 
pilot classes prove effective, the Minimum Plan will be in full 
operation in all schools at the 9th-grade level in September 1965, 
and in the 10th grade in September 1966. 

The Minimum Plan is designed for the low achiever who needs 
additional work in the foundation of mathematics and/or who does 
not plan to continue his education beyond high school. The need 
for additional work is exhibited in several ways: (1) failing or 
weak passing marks in the arithmetic of grades 1-8, (2) extremely 
low scores on standardized achievement tests and educational 
ability tests, and (3) lack of desire to learn mathematics. 

Local provisions for the low achiever are based on the assump- 
tion that he can learn basic mathematics, but slowly. The ap- 
proach is to spread the equivalent of first-year algebra over a 
2-year period and to include elements of geometry, trigonometry, 
and statistics. It is believed locally that this combination is really 
the "general mathematics” needed for effective citizenship in 
today’s world. 

The low achiever must be convinced that his stu dy is important 
and that he is respected, if the instruction is to be effective. To 
accomplish this, the plan must have a recognized place in the total 
instructional program. The Minimum Plan described above meets 
this criterion. If the low achiever rectifies his deficiencies suffi- 
ciently in grades 9 and 10, he may then begin work in grade 11 in 
either Geometry 1 or Algebra 3 and still complete a satisfactory 
college-preparatory program. This feature gives the Minimum 
Plan flexibility and status. 

The two basic courses in this plan at the 9th- and lOth-grade 
levels have been designated Related Mathematics. This was done 
to avoid using the traditional designation General Mathematics, 
which has fallen into disrepute locally with pupils, parents, and 
teachers. In an attempt to give the plan more status, it is desig- 
nated the Minimum Plan for meeting graduation requirements 
rather than Non-College Bound Plan or Terminal Plan. 



Providing for the Low Achiever at the 7th-Grade Level 

The Minimum Plan, which begins at present in grade 9, does not 
take care of the needs of the low achiever at the 7th- and 8th- 
grade levels. These years are most critical. Obviously, if the 
pupil is deficient in arithmetic at the 7th-grade level and nothing 
is done about it, he will also be deficient in the 8th grade, and 
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totally lost if he ever succeeds in reaching the 9th grade. These 
pupils become candidates for dropping out of school and/or for 
renouncing further study of mathematics. The problem is com- 
pounded the longer one waits in the education of the child to 
rectify his deficiencies. There must be a planned approach to raise 
the mathematical level of these pupils before they reach the 9th 
grade. 

In 1963-64 the Fort Worth schools set up an experiment involv- 
ing three classes of 7th-graders who, upon entering the 7th grade, 
had an average deficiency of approximately 2 years in both reading 
and arithmetic. The pupils in these classes were matched on a 
one-to-one basis according to IQ, age, sex, and evidence of reading 
and arithmetic difficulty. One class is using the regular textbook 
as in the past; a second class is using programed instructional 
materials; and a third class is using individualized instructional 
materials designed to help each of them overcome weaknesses in 
basic understandings and skills. The same instructor is teaching 
the three classes. It is hoped that the evaluation of this experi- 
ment at the end of the current year will shed light on the effective- 
ness of special approaches and give direction to other local efforts 
along these lines. 

In a study of local pupil withdrawals during the 1962-63 school 
year in grades 7-9, lack of motivation and poor achievement were 
cited as reasons by 64 percent of the pupils. The survey further 
indicated that 75 percent of the dropouts had less than average 
educational ability. 

An experimental program specifically designed to meet the in- 
creasing dropout problem will begin next September in two Fort 
Worth junior high schools. One of the basic objectives of the 
program will be to whet the desire for self-improvement in each 
pupil. By providing an educational program specially designed 
for the low achiever — a program that he understands and accepts 
— we hope to keep the child in school as long as possible. In 
addition, the program will seek to improve the pupils’ ability in 
reading, writing, spelling, oral expression, and arithmetic to the 
m a ximum of his potential, at the same time seeking to develop 
good citizenship and love of country. The ultimate goal is to 
return the child to the regular classroom as quickly as possible. 

Pupils selected for the pilot classes will be those who are at least 
13 years of age upon their entrance into grade 7, who are 2 or more 
years retarded in reading and mathematics, who have a record of 
continuous low achievement and irregular attendance, and who 
have a record of emotional and social maladjustment. The pro- 
gram will include two consecutive hours in the basic skills of 
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reading, spelling, a.,d grammar. The project teacher will instruct 
these language arts sessions. Mathematics will be taught at the 
group level by a teacher sympathetic to the problems of the group; 
and, for the remainder of the day, pupils will be mixed with reg- 
ular classes. In this program, pupils are scheduled to take 4 years 
to complete the 3 years of work usually assigned to the junior high 
schools in grades 7-9. 

Level 1\ First Year 



Language Arts 2 hours. 

Mathematics 1 hour. 

Texas History 1 hour. 

Physical Education 1 hour. 



Level II, Second Year 



Language Arts . 2 hours. 

Mathematics 1 hour. 

American History 1 hour. 

Physical Education 1 hour. 

Elective 1 hour. 



Level III, Third Year 



Language Arts 2 hours. 

Mathematics , 1 hour.. 

Physical Education 1 J: ur. 

Electives .... 3 hours. 

Level IV, Fourth Year (Credit Given) 

English — Physical Education. 

Related Ma nt sat'cs 1 md 2 „ Elective. 

Science .Rer.iedia' work or supervised study. 




The “M” Materials of SMSG 

” T ' * s 

by 

Max A. Sobel* 

In the summer of 1959 the SMSG (School Mathematics Study 
Group) formed a panel to study the mathematics program for 
noncollege bound students of average and below-average ability. 
This group, later named the Panel on Underdeveloped Mathemat- 
ical Talent, undertook to make recommendations for the group of 
pupils in the 25th to 75th percentile ability — the so-called middle, 
or “M” group of students, who are of average or slightly below- 
avorage ability. Summer writing teams were directed to prepare 
materials at two levels c . (a) grades 7 and 8, and (b) grade 9 
algebra. 

The materials developed were used to test the hypothesis that 
students of average and below-average ability can learn the kind 
of mathematics presented in standard SMSG texts, provided they 
are permitted to proceed at their own pace through a presentation 
geared to their own level of ability. 

Three summers of writing and two years of classroom experi- 
mentation finally produced the following materials, now available 
from Yale University Press: (a) Introduction to Secondary School 
Mathematics (IS), and (b) Introduction to Algebra (IA). 

Each of these courses consists of two volumes and each is in- 
tended as a 2-year sequence. " IS covers much of the same material 
that appears in the SMSG text “Mathematics for Junior High 
Schools,” Volume I, together with selected portions from Volume 
II of this series. IA covers essentially the same mathematical 
content as in the SMSG text “First Course in Algebra.” Some of 

*Dr. Sobel is Professor of Mathematics at Montclair 
State College in Upper Montclair, N.J., and co-author of 
textbooks at both the high school and the college level. 
He was a member of the SMSG panel and writing teams 
that prepared materials for students of average and 
below-average ability. He is also a member of the ad- 
visory Committee of the NCTM General Mathematics 
Writing Project. 
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the basic differences are that the IS and IA texts were prepared 
with the following guides in mind: 

Tc adjust the reading level to the comprehension of the less gifted pupil; 
To shorten chapters, as well as sections within chapters; 

To introduce new concepts through concrete examples; 

To provide numerous illustrative examples, as well as more detailed 
explanations; 

To include more simple exercises and drill materials; 

To provide numerous summaries, reviews, and cumulative sets of prob- 
lems; 

To pay greater attention to basic computational skills; 

To reduce the number of abstractions; and 

To increase student participation in the development of ideas through 
discovery techniques. 

To date, the subjective impressions gathered by various mem- 
bers of the panel, as well as those communicated by the many 
teachers who used these materials experimentally, indicate their 
effectiveness for the “M” group. These texts are not offered as 
appropriate content for the very slow, noncollege bound student. 

IA is especially well suited for that large middle group of 
students who are all too often lost in the conventional programs. 
Normally these are the youngsters who either cannot pass a first 
course in algebra, or else who are placed in a general mathematics 
class in which they fail to achieve success or satisfaction. Never- 
theless, many of these same students master a first course in 
algebra if it is given at a moderate pace over a 2-year period. 

IS was designed for junior high school youth whose mathemat- 
ical talent is underdeveloped. In this group also, there will be 
some who possess undiscovered mathematical talent. As stated 
in the preface to teachers, “It is hoped also that an understanding 
of fundamental concepts can be built for those whose progress in 
mathematics has been blocked or hampered through rote learning 
or through an inappropriate curriculum. We hope that appro- 
priate mathematics, suitably taught, will awaken interest in pupils 
whose progress in traditional courses seemed hopeless. The dis- 
covery and nurture of heretofore unidentified capacity for learning 
mathematics is one of the main purposes of this book.” 

The 2-year sequence of IS texts was thus designed for students 
of average and slightly below-average ability in grades 7 and 8. 
At Montclair State College, however, which was a center for 
experimentation with these materials, they proved to be most 
appropriate for very slow students in senior high school general 
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mathematics classes, and they are currently being used in this 
capacity by many local schools. For this group, the IS texts pre- 
sent a fresh and exciting approach, offering a body of subject 
matter that seems to interest the very slow student while at the 
same time providing him with the necessary work on fundamental 
skills. Furthermore, for many students of below-average ability, 
these texts have high potential value as a prealgebra course at 
the 9th-grade level. Thus, one may consider a 4-ye?*r sequence 
consisting of IS in grades 9 and 10, and IA in grades 11 and 12. 

SMS6 is now in the midst of a careful study and evaluation of 
the “M” materials with approximately 40 classes at the 7th-grade 
level and an equal number at the 9th-grade level. Although final 
results will not be available for at least another year, the panel on 
the underdeveloped mathematically talented is nevertheless opti- 
mistic that this study will indicate the effectiveness of these texts 
for students of average and below-average ability in mathematics. 
As stated in the preface to teachers, the panel hopes that with this 
approach, “we shall be successful in attracting and retaining 
increased numbers of pupils for continued study of mathematics.” 
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PREPARING THE MNCB TEXT “EXPERIENCES IN 
MATHEMATICAL DISCOVERY” 

by 

Oscar F. Schaaf* 



In 1962 the National Council of Teachers of Mathematics ap- 
pointed its Committee on Mathematics for the Noncollege Bound 
(MNCB) Student, and assigned to it the task of writing a general 
mathematics text. During the summer of 1963 the Committee 
wrote Experiences in Mdthenidticdl DiscoveTy , which is being 
tried out during the school year 1963—64 in 50 or 60 classrooms in 
various parts of the country. 

Prior to the actual writing of the text, the Committee agreed on 
the following assumptions: 

(1) There should be a mathematics course geared to the ability 
of any student enrolled in school. The course should be difficult 
enough to challenge each student, yet easy enough for him to 
experience success. 

(2) Mathematics courses in the regular sequence of an up-to-date 
mathematics program in which sound pedagogical principles are 
practiced are of value to all students, but no student should be 
placed in a course until there is reasonable assurance that he will 
succeed in it if he applies himself. A student should be allowed to 
progress through the sequence as far as possible and at a rate 
commensurate with Mb ability. If the regular courses are con- 



*Dr. Schaaf is Chairman of the Mathematics Advisory 
Committee for the Eugene, Oreg., Public Schools, and is 
Associate Professor of Education at the University of 
Oregon. He is Director of the General Mathematics 
Writing Project of the National Council of Teachers of 
Mathematics and is also a member of NCTM's Committee 
on Mathematics for the Noncollege Bound Student. Re- 
cently he has been teaching a course for high school 
students whose achievement level is well below the 25th 
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sidered the “main track,” then there should be “side tracks” along 
the way to serve motivational, vocational, and remedial needs. 
(This does not mean a rigid separation of students into classes for 
the college-bound and the noncollcge bound.) 

(3) In general, students who are deficient in mathematics should 
be given remedial instruction as soon as the deficiency becomes 
apparent. 

(4) The School Mathematics Study Group series, Introduction 
to Secondary School Mathematics, Volumes 1 and 2, are suitable for 
7th- and 3th-grade students in the 25th to 7 5^h percentile range of 
mathematical achievement. 

A primary concern of the Committee was to determine at what 
point “side track” courses are needed ; they recommended giving 
priority to the production of sample materials , to be used in 
courses for students in the following categories : 

Seventh-grade students below the 25th percentile of mathematical 
achievement; 

Ninth-grade students below the 25th percentile; 

Ninth-grade students in the 25th to 60th percentile range (the category 
for which J Experiences in Mathematical Discovery was written) ; 

Low achievers (not failures) in algebra and geometry who wish to 
continue their study of mathematics; 

Eleventh- and twelfth-graders who do not demonstrate a reasonable 
mastery of basic mathematics; and 

Seniors who want a terminal, nonremedial course in consumer or practi- 
cal mathematics. 

If suitable texts were available for students in these cate- 
gories, most secondary schools, the Committee believes, would be 
encouraged to develop better mathematics programs for them. 

Since nearly all secondary schools have a general mathematics 
program, however, the Committee felt that this area should re- 
ceive attention first. Courses in 9th-grade general mathematics 
have met with disfavor from both students and teachers. Prob- 
ably one of the main reasons is that too much has been expected 
from such courses ; they attempt to provide challenging material 
for the average or near-average students and, at the same time, 
material easy enough for students in need of extensive remedial 
instruction. The fact that authors of general mathematics texts 
have failed for the past 30 years to achieve this dual aim suggests 
that the goal is an impossible one. What has not been tried, at 
least to any great extent, are two different courses: one for stu- 
dents in the lowest quartile and another for those in the 25th to 
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50th percentile range. Because it appeared to present the easier 
task, the Committee directed its initial efforts toward the latter 
category. 

The committee agreed beforehand that a course for these stu- 
dents should provide opportunities for genuine mathematical dis- 
covery at the maturity level of the students and should stimulate 
them to continue their study of mathematics in the regular se- 
quence. To do this, the content must be carefully chosen. It 
should not depend on a prolonged systematic development of a 
mathematical idea; rather, the units should be quite discrete in 
content and a 3 independent of each other as possible. The content 
should appear to the student as being obviously relevant to the 
physical world and worth learning about, so the applied aspects of 
mathematics should be stressed. Presenting new material con- 
stantly rather than halting entirely for a review of old topics also 
helps. In addition, the text should suggest activities involving 
the use of the students’ minds and hands in a creative fashion, and 
should provide for drill as an integral part of the successful com- 
pletion of the activity. The specific learning objectives should be 
to extend student understanding of principles in the areas of num- 
ber, operation, measurement and approximation, function and re- 
lation, proof, symbolic representation, probability and selections, 
and problem-solving. 

The Committee suggested units on the following topics, but left 
the final selection to the writing team : 

Geometry 

Mathematical Thinking in Geometry 
Mathematics of Selection and Arrangements 
Mathematics of Chance 
Statistics 

Ratio and Proportion and Their Uses 
Measurement : Direct and Indirect 
Numeration Systems 

Arithmetic from an Advanced Point of View 
Nomographs 

Patterns, Formulas, Graphing Data 
Equations and Inequations 

When the writers first assembled, on the University of Oregon 
Campus in Eugene in the summer of 1963, the sequence for each 
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chapter was finally determined. Each section of each chapter was j 

to include a preliminary paragraph to orient students for the class ] 

discussion exercises, which were to follow that paragraph immedi- f 

ately and which were to comprise the most important part of the 
text. Each section was also to contain exercises for students to 
work on individually during a supervised study period or at home. 

Since students were to “discover” the mathematics they were to 
learn, the exposition in the student text was to be kept to a mini- 
mum ; and, instead, the bulk of the exposition was to be included 
in the accompanying teacher’s commentary. 

The writers stayed together for 5 weeks, and during this time 
wrote nine chapters. A tenth chapter, on statistics, is to be 
included when a revision is made. The teacher’s commentaries 
were also prepared, but their content was mainly answers to exer- 
cises in the student text ; lack of time had prevented inclusion of a 
great deal of exposition. 
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EXPERIENCES IN MATHEMATICAL DISCOVERY: 
PRELIMINARY EVALUATION 

by 

Emil J. Berger* 

In December 1962, the Board of Directors of the National Coun- 
cil of Teachers of Mathematics (NCTM) approved an expenditure 
of $40,600 to finance a General Mathematics Writing Project to 
produce text materials for 9th-grade students in the 25th to 50th 
percentile range in mathematics achievement. This action was in 
accordance with a recommendation from the NCTM Committee on 
Mathematics for the Noncollege Bound (MNCB), which had 
worked out a comprehensive plan for production of text materials 
for six different categories of noncollege bound students, and had 
recommended giving priority to preparation of materials for this 
particular category of 9th-grade students. The General Mathe- 
matics Writing Project was put under the direction of Dr. Oscar 
Schaaf of Eugene, Oreg., and an Advisory Committee for the 
project was appointed by the president of NCTM. 

From July 1 through August 2, 1963, a team of 12 writers that 
included 2 mathematicians produced the preliminary edition of the 
text, which is entitled Experiences in Mathematical Discovevy 
(EMD). The preliminary edition is multilithed and is bound in 
two volumes. A Teacher's Commentary , duplicated by the ditto 
process, accompanies the text. 

At present the preliminary edition of EMD is being evaluated. 
In particular, answers are being sought to four major questions: 
How effective is EMD as compared with conventional 9th-grade general 
mathematics materials? 

What do teachers think of EMD as instructional text materials for 
students of 9th-grade general mathematics? 

*Dr. Berger is presently the Coordinator of Mathe- 
matics for the public schools in St. Paul, Minn. He is 
chairman of the Advsory Committee of NCTM General 
Mathematics Writing Project, has served on SMSG writ- 
ing teams, and is the editor-appointee of the proposed 
NCTM Instructional Aids Yearbook. 
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What do mathematicians and educators think of EMD as a text for 
9th-grade students of general mathematics? 

How readable is EMD ? (Since EMD was written to be read by students 
and not merely to them, it seems desirable to make some determination 
of its readability.) 

Since EMD was written expressly for 9th-grade students with 
mathematics achievement in the 25th to 50th percentile range, the 
evaluation is being carried out with students normally registered 
for 9tli-grade general mathematics. This is believed to be the 
best available approximation of the population for which the text 
is intended. 

The first of the four major questions calls for a comparison 
between students using EMD and students using conventional 
9th-grade general mathematics textbooks. A brief search was 
conducted to identify teachers who were scheduled to teach two 
typical classes of 9th-grade general mathematics during the school 
year 1963-64 who were willing to use EMD in one of these classes 
and a conventional textbook in the other class. Forty-five teach- 
ers responded, and 35 of them completed the initial phase of the 
required testing program, which will be described subsequently. 
At present, this aspect of the evaluation is centered around 994 
students who are trying out EMD and 985 students who are using 
conventional 9th-grade general mathematics textbooks. Answers 
are being sought to the following specific subquestions: 

Is there a significant difference in achievement between the two groups 
of students? 

Are there significant differences in achievement among students using 
different conventional textbooks? 

Is there a significant difference in attitude change between the two 
groups of students? 

Is there a significant relationship between change of attitude and student 
achievement? 

Obviously, whether or not answers can be obtained to the fore- 
going questions with the sample that is being used will depend on 
the comparability of the two groups of students, which cannot be 
determined until after the data-gathering has been completed. 
The reason for proceeding in this way is that it was not possible to 
assign subjects randomly to the two treatments. 

To answer the specific subquestions posed above, the following 
testing program is being carried out with both groups of students : 

To obtain a measure of student attitude change for the year, Hoyt’s 
Mathematics Inventory Test was administered last fall as a pre-test 
and will be re-administered this spring as a post-test. (This test is 
designed to provide a measure of student attitude toward mathematics.) 
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To obtain a measure of the initial ability of each student, the School and 
College Ability Test (SCAT), Form 3A, was administered last fall. 

To obtain a measure of the initial level of mathematical skills and un- 
derstandings of each students, the Sequential Test of Educational Prog- 
ress (STEP), Form 3A, for mathematics was administered last fall. 

To obtain a measure of student achievement for the year, two different 
tests will be administered in the spring. One of these is the Sequential 
Test of Educational Progress (STEP), Form 38, for mathematics, and 
the other is an achievement test based on the content of EMD but 
couched in “neutral" language. The Advisory Committee for the Gen- 
eral Mathematics Writing Project is responsible for the construction of 
the latter test. 

To determine how effective EMD is as compared with conven- 
tional 9th-grade general mathematics materials, the following 
analyses of the test data will be made : 

An analysis of covariance of achievement as measured by the difference 
of pre-test and post-test STEP scores with adjustment made for varia- 
tions in student ability as measured by SCAT scores. (The purpose of 
this analysis is to determine whether the difference between the means 
of students using EMD and those using conventional textbooks is signi- 
ficant.) 

An analysis of covariance of achievement as measured by the achieve- 
ment test based on the content of EMD with adjustment made for 
initial ability as measured by SCAT. 

An analysis similar to the one above describing textbooks will be carried 
out to determine whether there are significant differences among the 
means of students using different conventional textbooks. 

An analysis of variance of attitude-change scores for students using 
EMD and students using convential textbooks. 

Computation of a product-moment coefficient of correlation to determine 
to what extent attitude change correlates with student achievement. 
(Such a coefficient will be computed both for students using EMD and 
for students using conventional textbooks.) 

To obtain information on the second major question — What do 
teachers think of EMD ? — each teacher using EMD has been asked 
to complete a “Chapter Report” after using each chapter. Specif- 
ically, the teacher is asked to rate the material in each section of 
each chapter as “Good,” “Fair,” or “Poor,” and to comment briefly 
on the material. A second part of the “Chapter Report” calls for 
an evaluation of student reaction and an indication of the teacher's 
reaction to the chapter as a whole. 

“Chapter Reports” received thus far indicate that teachers are 
favorably disposed to EMD. However, a review of the completed 
“Chapter Reports” that have been returned indicates that the 
teachers are relatively noncommital about the choice of topics and 
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68 THE LOW ACHIEVER IN MATHEMATICS 

the mathematics contained in the text. The tryout teachers seem 
to regard these matters as not open to question. In the main, 
teachers’ comments may be divided into those dealing with student 
interest and motivation, those dealing with the difficulty of the 
material (e.g., “too hard” or “too easy”), and those dealing with 
organizational aspects of the text. Very few of the “Chapter 
Reports” include any comments about mathematical accuracy, 
suggested alternate treatments, and so on. 

To gain some appreciation of the opinions of mathematicians 
and educators on EMD, about 15 such people were asked to submit 
chapter-by-chapter appraisals of the text. The nine responses 
received were from three college mathematicians, four education 
specialists from colleges of education, one State mathematics 
supervisor, and one high school mathematics department chair- 
man. Subsequently, three members of the Advisory Committee — 
one specialist from a college of education, and two high school 
teachers of general mathematics — reviewed the appraisals and 
drew up a summary of them that suggests that mathematicians 
and educators believe that EMD, in its present form, places too 
much emphasis on the discovery approach and that more formal- 
ization of those mathematical concepts that students are expected 
to discover may be needed. The reviewing group also felt that 
EMD may need some strengthening in the development of basic 
mathematical concepts before it is published in final form. 

The last major question in the evaluation of EMD is that of 
readability. To obtain reliable information on reading ease 
(or difficulty), Robert Jackson of the University of Minnesota 
was engaged to check the readability of EMD, using the 
Flesch reading-ease formula adapted for mathematics materials. 
Reading-ease scores were computed for three to six randomly 
selected samples of 100 words in the explanatory material in each 
of the nine chapters. 

Jackson reports that there is a wide diversity of reading diffi- 
culty within chapters. For example, the samples selected from 
Chapter V extend from a 7.5 grade level to an 11.5 grade level, and 
those chosen from Chapter VII from a 6.5 grade level to a 14.0 
grade level. Mean reading scores for all chapters range from an 
8.0 grade level for Chapters I and II to an 11.5 grade level for 
Chapter VI. The mean reading-ease score for the total text (for 
explanatory materials) is about at the 9.0 grade level. In conclu- 
sion, Jackson recommends that for the ability level of the student 
for whom this test is intended, the reading-ease scores should 
probably be between the 7.0 and 8.0 grade levels. 
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COUNTERING CULTURAL DEPRIVATION VIA 
THE ELEMENTARY MATHEMATICS LABORATORY 



by 

Lore Rasmussen' 



I 



It is difficult for college-educated, middle-class teachers to 
imagine the deprivation which the slum child faces from birth. 

We are most aware of his meager comprehension, limited speaking 
vocabulary, and lack of fluency in speech. As mathematics teach- 
ers, we must pay equal attention to As paucity of experience with 
manipulation of the objects of the pi. ysical world. 

His family lives in crowded quarter,* and owns few artifacts of 
our culture. The child has few toy3 and possessions to play with, 
to hoard, to collect, to classify. Neither does he have strong geo- 
graphic roots in a neighborhood which could have given him a j 

secure space orientation, since his family is continuously on the I 

move. / 

If he lives in the center of a large city, he has missed learning 
the concept of “many” as formed by observation of the many 
leaves or needles of a tree, pebbles near a brook, or grass blades in 
a meadow. Although he has, instead, impressions of many houses, 
windows, cars, streets, and people, he cannot own, hoard, rear- 
range, and sort these as he could do with leaves or pebbles. And 
how can anyone— without playful, pensive, active involvement of 
the senses in the physical environment — gather mastery over its 
properties ? The environment must of necessity overwhelm us if 

*Mrs. Rasmussen is the Mathematics Specialist at the 
Miquon School in Miquon, Pa. She is also Assistant 
Professor at Temple University, Consultant to the Phila- , 

delphia Public Schools, and Director of the T. M. Pierce 
School Laboratories in Concept Formation. She has had 
extensive participation in several of the mathematics and 
science curriculum projects and has developed many in- 
teresting laboratory materials especially for very young 
children. | 
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we cannot understand what it can do for us and how we can 
manipulate it and create with it. 

This is why teachers should experiment with laboratory en- 
vironments for teaching mathematics to the culturally deprived 
low achievers. Through the laboratory we can create in the 
schools selective, planned, compensatory environments in which 
the child may have the primary, active sensory experiences from 
which generalizations and abstractions can be made and con- 
cepts formed. Only after we have laid the experience base by 
affording to the child exploration through action can we fruitfully 
begin to combine action with representation, or symbolism. Only 
after this codification of experience is mastered can the real search 
for structure begin. 



What Is an Elementary Mathematics Laboratory? 

To the child it is a playroom where things can be counted, 
moved, rearranged, stacked, packed, wrapped, measured, joined, 
partitioned. It is a room with things to be weighed and weighing 
instruments, machines with buttons, levers, and cranks that count, 
record, and project; with books for browsing, books for reading, 
and empty books to be written into; with objects of interesting 
shapes and many sizes to be used for building and comparing. 

To the teacher it is a planned environment in which one puts 
children, so that each question one poses to them about numbers or 
shapes can be illustrated in innumerable ways. It is a room in 
which the children can have the best possible support lor problem- 
solving through concrete experiences aiid readily available tools, 
and where they can verify thiough experiments the correctness of 
their answers independently of the teacher. 



Who Is the Lab Teacher? 

Regardless of her amount of formal training in mathematics, 
she remains an active and successful learner of this subject and a 
teacher-specialist. She learns mathematics not only from courses, 
but through independent study and through the problems children 
formulate and solve in original ways, and she searches for mathe- 
matical structure in other subject matter areas as well. She be- 
lieves in the learning capacity of her charges, and if she were to 
voice aloud a personal creed, she might express it as follows : 

*T believe that the urge toward mathematical thought and anal- 
ysis is a universal characteristic of all healthy human beings. 
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Environmental conditions can suppress this urge, but cannot kill it 
permanently except under the most adverse circumstances. I 
must find ways to satisfy the natural curiosity of all children about 
numbers and shapes and to create the educational conditions which 
stimulate thought. 

“I believe that mathematics is not only necessary for survival in 
a technological society, not only the language of commerce and 
science, but also that it is beautiful and that it is an intensely 
satisfying private activity. Its logic and internal consistency 
affirm the sanity of the universe and of man. 

“1 believe that the pupil wants to learn and can learn, but to help 
him do so, I must learn to communicate with him in the language 
and experience he understands. 

“In an abundant society built on humanitarian values, children 
are the greatest resource. Money is expendable, materials are 
created to be used, and equipment is meant to become obsolete. 
The children, however, are to be nurtured and educated; the 
children are not expendable.” 



Things for the Mathematics Laboratory 

Myriads of things are needed in the mathematics laboratory: 
raw materials from which things can be made by children — sand, 
water, clay, pebbles, and cleverly designed graduated containers to 
hold them. 

String, paper, tape, dowels, pipe cleaners, and hollow tubes; 
solids, such as spheres, rectangular prisms, tetrahedrons, cylin- 
ders, cones, etc. ; tin cans, food containers, paper cups, balls ; and 
precision-made, carefully related geometric models, sets of blocks 
of wood, plastic, etc., hollow blocks with lids and solid blocks to fit 
into the hollow blocks, and blocks with holes drilled at various 
angles and dowels to fit; tiling surfaces and tiles in many colors 
and shapes, and adhesives to hold things together temporarily; 
pencils, felt pens, paint, chalk, and paper (ruled, squared, plain), 
blackboards, slates, tabletops, floor surfaces to be written on; 
scissors, paper cutters, rulers, drafting tools, pegboards and pegs, 
nail boards, and rubber bands with many kinds of arrays allowing 
quick experiences in grouping and in making polygons. 

Mathematician’s tools and labor-saving devices: clocks and 
timers, rulers, yardsticks, metersticks, thermometers (Centri- 
grade, Fahrenheit, and uncalibrated), scales and balances, slide 
rules, adding machines (nonelectric), pocket and desk calculators, 
opaque projectors, compasses and protractors, blueprints, play 
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money, magnifying glasses, dice games (strategy and chance), 
puzzles, pictures, books, numberlines, Cartesian coordinate 
systems (on blackboard or floor). 

Books and other printed matter: a library of attractive trade 
books on mathematics for children; picture books on design, 
architecture, mechanical drawing ; science experiments with 
strong mathematical implications; and maps, charts, globes, mail 
order catalogs, cookbooks, and secret code books; textbooks of 
various difficulty levels; loose worksheets, unit booklets for inde- 
pendent written work filed according to topic and level of difficulty 
(bought commercially and/or developed by the teacher and groups 
of children over a period of years) ; self-checking, self-correcting 
guides, hint books, answer books, and self-tests; programed in- 
structional material, teaching machines, file boxes of cards with 
short questions, organized by level of difficulty and by topic. 



Spatial Design of the Mathematics Laboratory 

The room must have : 

Space for large-group, teacher-centered activities; it should 
include a large blackboard area. 

Space for small-group activities; it may be either table- 
centered or floor-centered. 

Space for utter privacy, protected from noise and interfer- 
ence; a library section with carrel-type tables is ideal. 

Space for exhibition of completed work — shelf space, wall 
space, or floor space. 

Space for storage of work in progress — shelf space, closet 
space, or drawer space. 

Open space for walking games, rhythm games, “geometric 
dance patterns.” 



How the Mathematics Laboratory Should Be Conducted 

d* The mathematics laboratory is sometimes a silent place because 

i at times the teacher expects the children to work without any 

K j communication with one another. Most of the time, it is filled 

j j with “working noises” which purposeful adults make, too, as they 

i | confer, consult, assist, praise, and criticize the work of their 

$ coworkers. 
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The teacher is in control, but tries to involve the children in 
setting standards of behavior and in planning the work. She 
alternates quiet individual work periods with free activity periods, 
lively game sessions, mental arithmetic sessions, etc. She lectures 
little and keeps whole-group teaching to a minimum, acting in- 
stead as a small-group or individual tutor. She stimulates all 
through appropriate questions, assists the discouraged, directs the 
learning sequence, and provides evaluation. 
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RECOMMENDATIONS 

Never before has this Nation been more aware of the conditions 
which contribute to the inability of a significant number of our 
population to seek and maintain gainful employment. The con- 
sensus of this conference was that the solution of this persistent 
problem rests largely in an improved educational program in its 
broadest concept. After the conference, the Office of Education 
staff wrote up the following summary of specific recommendations 
that emerged from the conference discussions. These were not all 
the recommendations, although the ones selected here reflect the 
main ideas proposed in the discussion sessions. Few of the rec- 
ommendations had unanimous support from the conference par- 
ticipants, but it is hoped that this presentation of them will 
stimulate improvement of teaching for the low achiever in 
mathematics. 



A. Establish a National Commission on Mathematics Education for 
Low Achievers 

This commission should be the result of cooperation among rep- 
resentatives from industry, labor, professional organizations, 
mathematicians, teachers, school administrators, and government 
agencies. The commission would establish goals in mathematics 
education for low achievers and plan ways of reaching these goals. 

Some activities of the proposed national commission might be: 

(1) To establish a clearinghouse of promising practices in 
teaching mathematics to low achievers. 

The clearinghouse might be maintained by a professional or- 
ganization such as the Association of State Supervisors of Math- 
ematics, the National Council of Teachers of Mathematics, or a 
Federal agency such as the Office of Education. 

(2) To publish a yearbook on problems of teaching mathe- 
matics to low achievers. 

The role of the commission might be to organize writing teams 
or to contract with individuals. 
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(3) To promote cooperation between agencies. 

Because educational problems cannot be solved effectively with- 
out measures to improve the living conditions of the students, 
cooperation is necessary between educators and agencies respon- 
sible for neighborhood improvement. Mathematics educators can 
make special contributions by giving advice on the learning en- 
vironment, such as properly equipped mathematics laboratories in j 

secondary schools, in elementary schools, and in experimental J 

nursery schools ; and by developing teaching programs adapted to j 

the special needs of the low achievers, taking full advantage of the j 

unique ways in which mathematics can help these youngsters, both v f 

immediately and in the long run. 

(4) To set up a national conference to study the problems of . 

marking , evaluation , and promotion. 

There are many unresolved questions about the evaluation of 
pupil achievement, especially at the low end of the scale. 

(5) To establish summer camps for low achievers. 

Take students from slum and low economic backgrounds and 
teach them in the organized environment of a summer camp. 

Study the results and report findings. 

(C) To establish lines of communication with industry, busi- 
ness, governmental agencies, and educational agencies. 

The communication effort would make available the resources of 
the mathematical community wherever assistance is needed to de- 
velop appropriate educational programs and materials. At the 
same time, much information would flow from business, industry, 
and government so that educators are in close touch with the 
world of work. i 

B. Establish Research and Development Centers 

What is needed is substantial support for a long-range research 
and development program for the study of low achievers in math- 
ematics on a variety of fronts. Since this work requires a combi- 
nation of talents not available in any one place, mechanisms must 
be devised for experts to communicate their ideas to each other 
and for adequate planning before a large-scale research and de- 
velopment program could be effective. Any such program must 
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have some provision for field work under practical conditions. 
The needs include the following: 

1. Basic psychological and educational research. 

2. Curriculum experimentation. 

3. Design of special equipment, materials, and environments. 

4. Consideration of the characteristics and special training of the 
teachers. 

A first step in such a substantial research and development 
effort might be to establish a summer institute program to bring 
together experts in the relevant fields. Participants would in- 
clude mathematicians, teachers, vocational educators, teacher 
educators, psychologists, sociologists, social workers, industrial 
training directors, and children. 

In the research and development centers, the mathematicians 
and master teachers would write material and try it out with the 
low achievers in the center. Psychologists in the centers could 
study effective learning procedures. The results of the experi- 
mentation end controlled instruction could be publicized through 
publications and through demonstrations at the center. Some 
centers might include dormitories for students. 

Effective methods of teaching selected groups of low achievers 
would be studied in the research and demonstration centers with 
the aid of competent psychologists. Identification should be made 
of the types of low achievers. The mathematical concepts and 
skills that are best suited for instruction by certain methods and 
with certain aids should be determined for each type of low 
achiever. The methods employed with individuals should vary 
from those employed with very large groups. There should be a 
variety of aids such as television, films, and programed learning 
materials. 



C. Extend the Research Effort: Some Suggested Studies 

During the discussions many particular problems were identi- 
fied as appropriate for specific research studies but not necessarily 
as a part oi the efforts of the research and development centers 
indicated above. The following brief list reflects some of the 
ideas set forth by the conferees. The list is not intended to be 
comprehensive; rather it is hoped that it will be suggestive to 
individual researchers who wish to carry out small independent 
studies. 

(1) Study the effectiveness of mathematics teachers who 
have been specially prepared to teach low achievers. 

This study might investigate whether special preparation to 



80 



THE LOW ACHIEVER IN MATHEMATICS 



teach low achievers increases ability to impart learning to students 
in this category. The students’ achievement could be evaluated 
and compared with that of students whose teachers had no such 
special preparation. 

(2) Study means of communicafiwtfj* with parents of low 
achievers. 

It is difficult to get most parents of low achievers to attend 
parent-teacher meetings. Investigate other ways of communicating 
with parents of low achievers. 

(3) Study the effectiveness of teacher assistants in classes of 
low achievers. 

Many school systems have found the work of teacher assistants 
extremely effective. Such persons help to prepare learning aids, 
proctor tests, arrange for ffims, and do all kinds of clerical work. 

(4) Set up an experiment to study the effects on low achievers 
of departmentalization in mathematics in grades 4, 5, and 6. 

This experiment could be similar to that conducted a few years 
ago by the American Association for the Advancement of Science 
in which the achievement (in all areas) of students who had spe- 
cial teachers of mathematics and science was compared with the 
achievement of students in self-contained classrooms. 

(5) Study the nature of poverty of experience. 

Poverty of experience seems to be one of the causes of low 
achievement. Daily experiences of low achievers could be ana- 
lyzed and contrasted with the experiences of average children. 
Out-of-school influences could be studied and, also, ways in which 
the school can make up for deficiencies. 

(6) Study the effectiveness of the discovery approach. 

(7) Study the effectiveness of the use of games. 



D. Develop Inservice Programs for Teachers 

A large-scale program is needed to provide inservice education 
for many teachers who are now teaching low achievers. This 
program could be organized at the local school level with resource 
persons brought in from industry, foundations, educational insti- 
tutions, government, and other appropriate agencies. The seminar 
approach is suggested. 

In support of the large-scale inservice effort, a small-scale pro- 
gram is needed to provide consultant help to those who are now 
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administering educational programs for low achievers. A first 
goal might be to produce at least one consultant for each city of 
more than 100,000 population. Some institutes supported by the 
National Science Foundation or the U.S. Office of Education might 
concentrate on this particular program. Universities and colleges 
should develop special courses in the teaching of mathematics to 
low achievers. A corps of teachers with special talent for teach- 
ing mathematics to low achievers should be identified by the pro- 
fessional organizations. These talented teachers could contribute 
to the inservice effort in a unique way (e.g., demonstration lessons 
or television presentations) . 


















A. GUIDELINES FOR ADMINISTRATIVE PROVISIONS 
FOR THE LOW ACHIEVER IN MATHEMATICS* 



The school administrator is a most important factor in the suc- 
cess or failure of a program for the low achiever in mathematics ; 
it is he who must initiate and provide for an effective orientation 
program for the staff and the community. He must see to it that 
teachers of low achievers are given proper recognition and special 
acknowledgement for the importance of their work. He bears the 
responsibility of drawing leaders in the community in business, 
commerce, and industry into the development of a program that 
will prepare the low achievers for a productive role in the com- 
munity. He has the job of interpreting the program to the com- 
munity. The following guidelines for the administrators emerged 
from the discussion sessions : 

1. The administrator should 'provide mathematics courses for 
each year (K-12) for the low achiever. 

Schools should strive to offer equal educational opportunity for 
all and to promote normal growth for every individual according 
to his capacity. This is a challenge to provide appropriate courses 
for all pupils at all levels, since all pupils must assume personal 
responsibilities as well as responsibility of citizenship. The 
pupils in the lowest 30 percent are stayls^ in school longer than 
previously, so an administrator cannot think in terms of terminal 
mathematics courses for grade 9 or 10. There are certain basic 
mathematical understandings that begin in kindergarten and must 
be expanded throughout the child’s' school career. It is necessary 
for the low achievers to get certain skills from the mathematics 
courses in high school that will make them good risks for employ- 
ers. The mathematics in the later courses can be directly related 
to future work experiences. These courses might range from 2 
to 5 periods per week. 

2. The administrator should provide for maximum individual 
growth of low achievers by careful grouping. 

A thorough analysis should be made of student deficiencies. It 
is necessary to obtain as much information as possible about the 



rritM* guidelines end the two sets that follow art included hero because of the many requests 
for summaries of the throe discussion topics. 
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child, especially intellectual factors, socioeconomic conditions, 
home adjustment, visual and auditory abilities, past mathematical 
experiences, and emotional adjustment. All these factors must be 
considered before these pupils are placed in classes for mathe- 
matics instruction. This background information must be readily 
available to the mathematics teacher. The instruction in the class 
can then be geared toward the characteristics of each group. 

3. 7 he administrator should see that order is maintained in 
the classrooms of low achievers. 

The administrator is responsible for developing a school en- 
vironment in which learning can take place. The organized activ- 
ities of the mathematics classroom may be so foreign or contrary 
to the past experiences of some of the low achievers that they 
cannot or will not accept them. In these cases the administrator 
has the responsibility to place such pupils in a very small class or 
to provide individual help until they may be placed in a regular 
class. Special help should be provided for students with extreme 
behavior problems. These students should not be permitted to 
remain in the regular classes. 

4. The administrator should provide semiprofessional aides to 
the teacher of the loiv achiever. 

The development and use of a variety of special learning mate- 
rials and audiovisual aids for low achievers constitute a heavy 
demand for time that can be more economically provided by a 
semiprofessional assistant. The administrator needs to secure 
budgetary appropriations to make these resources available to 
teachers of low-achieving mathematics students. 

5. Citizens , community leaders , and representatives of busi- 
ness, commerce, and industry should be involved in the 
development of a mathematics program for low achievers. 

It is necessary to make effective use of the special talents, re- 
sources, wisdom, and experience of the entire community in evolv- 
ing a realistic mathematics program for low achievers. The 
involvement of citizens should provide help with the following: 

a. Identification of job opportunities for students of limited ability, 

b. Establishment of work-study programs, 

c. Identification of pertinent applications of fundamental skills and 
basic mathematical principles, 

d. Improvement in communication between teachers and community 
resource persons, 

e. Orientation to and acceptance of the program by the community. 
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6. The school administrator must involve the parents of the 
low achievers and establish lines of communication between 
the parents and the school . 

The attitudes and aspirations of the parents influence the 
achievements of their children. The usual PTA meetings and 
school conferences fail to reach most parents of low achievers. 
Some of the possibilities for contacts with them are visits in the 
home by (a) visiting teachers, (b) regular teachers on released 
time during vacation periods, (c) social and welfare workers. 

7. Pupils * marks should tell the truth . 

Administrators, parents, and teachers should study the mark- 
ing, evaluation, and promotion policy, so that all concerned will 
know the academic achievement of the pupil. 

8. The administrator must select teachers who are competent 
in mathematics and qualified by both preparation and 
temperament to teach low achievers . 

Since many low achievers do not understand the meaning of 
mathematical operations or of concepts, the teacher should be well 
qualified in mathematics. 

Teachers must have special preparation in techniques and pro- 
cedures for teaching mathematics to low achievers. They must be 
sensitive to differences in individual capacities and interests of 
pupils. They must be able to sense their feelings and discover the 
reasons for their reactions to the learning situation. 

Administrators have the responsibility for, and must take the 
initiative in, informing colleges and universities of the educational 
requirements for teachers of these pupils. Administrators must 
strive to have the necessary courses instituted as part of the 
preservice education of mathematics teachers. 

9. Intensive professional inservice education programs must 
be provided for teachers of low achievers in mathematics . 

At present, most teachers have not had adequate preservice 
education to cope with the problems associated with teaching low 
achievers. Inservice education activities such as workshops, in- 
terschool visits, and demonstrations of new and different teaching 
techniques should be provided. The administrator should seri- 
ously consider the following as he plans to optimize mathematics 
instruction for low achievers: 

a. Departmentalizing grades 4-6 and providing specialized teacher? 
(These specialized teachers may also serve as resource people for 
teachers of grades K-3.) 

b. Providing a mathematics specialist or helping teacher. (This 
teacher could serve as a resource person for teachers of grades 
K-6.) 
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c. Orienting school staff. (All staff members should be cognizant of 
the program so that a concerted team effort can be made.) 

10. Special guidance is needed for special pupils. 

The lowest 30 percent in mathematics achievement are com- 
posed of several distinct groups of pupils, such as those working 
near capacity, the average or above in ability who are under- 
achieving, the emotionally disturbed, and the unmotivated. 

To identify these various groups, determine the cause of their 
problems, and to seek a remedy requires the joint efforts of an 
able teacher, experts in psychology and social work, and the help 
of the guidance department. In most schools, counseling, addi- 
tional guidance, and psychological services will need to be pro- 
vided. Providing this service is the responsibility of the school 
administrator. 

11. The administrator must provide opportunities for 
teachers to engage in research and experimentation. 

The school administrator must encourage research and experi- 
mentation with new and different teaching techniques for low 
achievers in mathematics. Very little is known about methods 
which are most effective with low achievers. Very few if any 
follow-up studies have been made of pupils in this category. 

Answers to these and similar questions might be found by a local 
mathematics staff. 
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B. GUIDELINES FOR THE PREPARATION OF INSTRUCTIONAL 
MATERIALS FOR THE LOW ACHIEVER IN MATHEMATICS 

Good instructional materials are sorely needed for below-aver- 
age students. Since the need for suitable instructional materials 
for low-achievers in mathematics was evident, the discussion was 
focused on the question of the production of the needed materials. 
As a result the following guidelines evolved : 

1. A team of specialists from several disciplines should select 
the course content. 

National leadership should initiate action to recruit a team of 
mathematicians, teachers, and psychologists, to develop outlines of 
the mathematical content of courses for the low achievers. 

2. A new approach should he followed in designing the experi- 
mental materials. 

An approach that is imaginative but realistic needs to be taken 
in determining the curriculum for low achievers in mathematics. 
A slowed-down version of mathematics for the college-bound 
student is inappropriate. 

3. Materials should provide for the development of mathe- 
matical understandings essential for vocational competence. 

The low achiever in mathematics has a great need to achieve 
the mathematical skills needed for gainful employment. As jobs 
become lost to automation, the worker must possess mathematical 
skills adequate to qualify for admission to the retraining programs 
for new or different jobs. 

4. Opportunity for success should he a major aim in the de- 
sign of the learning materials. 

The old adage “nothing succeeds like success” appears particu- 
larly relevant. Success plays a most important role in the devel- 
opment of the individual’s concept of his own ability. Students 
need to achieve a measure of success if they are to be stimulated 
to further effort. Hence materials should be provided which are 
within the low achiever’s level of comprehension and expressed 
in language meaningful to him. 

5. The learning materials should he graded in content. 

A variety of learning materials should be provided to meet the 
differing rates of learning. Attention should be directed toward 
their flexibility and ease of use in achieving the objectives of the 
program for the low achievers. 

6. Study units for the low achiever should he short. 

The attention span of the majority of these students is shorter 
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than that of most in their age group generally. The student needs 
the sense of accomplishment derived from completing a task. He 
profits from the change of pace provided by short units. 

7. Special units for ivork-study programs should he devel- 
oped. 

Cooperative work-study programs require learning materials 
designed for achievement of the skills demanded by families of 
jobs. Such work-study materials should be sufficiently flexible to 
enable the student to learn the mathematical operations necessary 
for satisfactory on-the-job progress. 

8. Materials should provide a varied approach to the develop- 
ment of mathematical concepts. 

The learning materials should provide for many uses of objects, 
models, audiovisual aids, and manipulation devices, as well as the 
use of more complicated instruments and learning aids. 

9. Experimental instructional materials should he developed 
hy expert writers. 

Teams of mathematicians and mathematics teachers noted for 
their expertise in preparing learning materials in mathematics 
should be selected for this task. Specialists from related disci- 
plines should serve as consultants. Developmental centers should 
be established for student tryouts and preliminary testing of the 
materials. 

10. Evaluation of the experimental materials should he con- 
ducted in a variety of schools. 

The experimental materials should be tried out with different 
types of low achievers. Appropriate measuring instruments 
should be designed and constructed to determine the degree to 
which the new materials accomplish their purposes. 



t', 
I ! 




t 




‘•is 







■AtadHMMH 






BBtdH 



Mmrnmamaammammmatmaiiiki 






APPENDIXES 



91 



C. GUIDELINES FOR TEACHING MATHEMATICS TO THE LOW 
ACHIEVER 

Anyone who teaches mathematics should (a) know mathe- 
matics, (b) like mathematics, (c) continue to learn mathematics, 
(d) be able to communicate well with the learner, and (e) under- 
stand the looming process. In addition, teachers of low achievers 
need special knowledge of the psychological and sociological back- 
grounds of the children. The following guidelines that evolved 
from the discussions reflect many of the ideas that were suggested 
for improving the quality of instruction in mathematics for low 
achievers and potential low achievers: 

1. Low achievers should be taught by able and well-trained 

teachers. 

A long-range solution to the problem of the teacher shortage 
includes a bold reorientation of preservice programs for teachers 
of mathematics, especially at the elementary school level. In ad- 
dition to adequate preparation in mathematics, prospective 
teachers should have intensive psycho-pedagogical training fo- 
cused sharply on the process of learning mathematical ideas. 
Low achievers, if properly taught, can learn much more 
mathematics than they ordinarily do learn. 

2. Modern educational technology should be exploited. 

Multisensory aids and new media often add a dimension to 

provide insight for the low achiever that he does not get from 
chalkboard or the printed page. For example, the overhead 
projector furnishes avenues to capture the attention and curiosity 
of the learner. Student-made transparencies are an asset, for 
they challenge the learner to organize his ideas; furthermore, 
this technique gives recognition to the low achiever for his ac- 
complishment. Well-conceived programed instructional material 
may be effective for low achievers in mathematics. 

3. Classroom activities should be both purposeful and varied. 

Short intervals of group study, discussion, and independent 

study are generally better for the low achiever than long inter- 
vals because the interest span is short. Prolonged periods of un- 
guided activity may cause the learner to practice his errors. The 
teaching technique to be used depends on the concept to be learned, 
the individuals involved, and the particular situation at the 
moment. 

Different ways of looking at the same mathematical concept 
may reinforce the idea or provide the insight needed. Every 
effort should be made to capitalize on the interest and motivation 
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of the learner through the use of games, puzzles, short cuts, and 
discovery exercises that arouse curiosity and imagination. 

4. Particularly for the low achiever, the need for mathe- 
matics comes from experiences in the physical world. 

Observations of physical events, recording of these events, and 
the resulting order that mathematics supplies through the or- 
ganization of data can help the child make sense out of related 
events in the world about him. The low achiever does this less 
rapidly and with less sophistication than the high achiever, but 
the process is the same. Abstraction of the concept from the ap- 
plication may come slowly to the low achiever but it enables him 
to organize ideas and predict what will happen in new situations. 
It is folly to strive for abstraction without the base of concrete 
experience. Vocational goals and out-of-school activities often 
provide the spark of motivation for learning mathematics. 

5. The teacher should he receptive to questions. 

It is necessary for the teacher to adjust to the questions of the 
learner. No question or answer is trivial in the learning process. 
The questions asked by the learner are often the clue to under- 
standing his difficulty. In fact, the formulation of questions is an 
essential part of the learning process. 

6. A laboratory setting is especially effective for low 
achievers. 

Evidence from research clearly indicates that active experi- 
mentation in which the child handles concrete objects and ob- 
serves what happens precedes the formal operation stage in 
learning mathematical ideas. For slum children* who come to 
school with a paucity of experience with manipulation of objects, 
the elementary school teacher must provide the first selective 
planned environment in which active sensory experiences can 
take place. Only after the codification of experience can the real 
search for structure begin. A laboratory for learning mathe- 
matics at the elementary school level should contain raw materials 
such as sand, water, clay, which can be formed, measured, and 
distributed; string, paper, dowels, hollow tubes, tape, and pipe 
cleaners to bend, cut, fold, measure and to be measured by; solids 
such as prisms, cylinders and containers of all sorts; scissors 
rulers, pencils, rubber bands; and printed material of various 
kinds. The teacher plays the central role in creating a learning 
climate; learning progresses when there is an atmopshere of 
working with objects, asking questions, playing mathematical 
games, and discovering new ideas. The discovery-laboratory 
approach is more a method than a well-defined physical facility. 
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7. Special help should be provided for beginning teachers. 

It is a common practice, unfortunately, to assign beginning 
teachers and new teachers in a school system to the unwanted 
classes, meaning usually the low achievers. Beginning teachers 
need special help, particularly someone to turn to in this critical 
period of their development as teachers. Often their inexperi- 
ence is coupled with inadequate preparation and perhaps lack of 
certification in mathematics. Their difficulties are compounded 
by classes of low achievers. The following specific suggestions 
are made for beginning teachers : 

a. Learn as much mathematics as you can. You must know mathematics 
unusually well to be able to split up the usual processes into simple 
elements. 

b. Study the recent developments in the curriculum and acquire experi- 
ence in teaching the new courses. You should know the best mathe- 
matics in the best expositions available before you can adapt these 
ideas to the special needs of low achievers. 

c. Request from your administration an adequate supply of manipulative 
materials, and learn how to use them in teaching low achievers. 

d. Become acquainted with what these students are doing in their indus- 
trial arts, business education, and home economics classes, and use 
these courses as sources of applications of mathematics. 
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